CHOW GROUP OF 0-CYCLES WITH MODULUS AND HIGHER 
DIMENSIONAL CLASS FIELD THEORY 

MORITZ KERZ AND SHUJI SAITO 



Abstract. One of the main results of this paper is a proof of the rank one 
case of an existence conjecture on lisse Q f -sheaves on a smooth variety U over 
CO . a finite field due to Deligne and Drinfeld. The problem is translated into the 

language of higher dimensional class field theory over finite fields, which describes 
the abelian fundamental group of U by Chow groups of zero cycles with moduli. 
A key ingredient is the construction of a cycle theoretic avatar of refined Artin 
5-H ' conductor in ramification theory originally studied by Kazuya Kato. 
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Introduction 

One of the main results of this paper is a proof of the rank one case of an existence 
conjecture on lisse Q^-sheaves on a smooth variety U over a finite field suggested 
by Deligne [EKj . which was motivated by work of Drinfeld |Dr| . see also [D]. The 
conjecture says that a compatible system of lisse Q^-sheaves on the subcurves of U, 
satisfying a certain boundedness condition for ramification at infinity, should arise 
from a lisse sheaf on U. A precise formulation is given in Question IV below. 

Class field theory. First we state our main result in the language of higher dimen- 
sional class field theory over finite fields. Instead of the class group involving higher 
K -theory which was used in earlier work, see |KS] for example, we use a relative 
Chow group of zero cycles with modulus. 

Let U be a smooth variety over a finite field k. The principle idea is to describe the 
abelian fundamental group 7rf b (C/) of U in terms of the Chow group C(X,D) with 
modulus D. For the definition of the latter we choose a compactification U C X 
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with X normal and proper over k such that X \ U is the support of an effective 
Cartier divisor on X and D is an effective Cartier divisor with support |D| in X\U. 
We define 

C(X,D) = Coker(0 k(Z) D ^4 Z (U)), 

ZcU 

where Zq(U) is the group of zero-cycles on U and Z ranges over the integral closed 
curves on U. Here div^ : k(Z) x — > Zq(U) is the divisor map on the function field 
k(Z). The group k(Z) D is the congruence subgroup of elements of k{Z) x which are 
congruent to 1 modulo the ideal Id = Ox{—D) at all infinite places of k(Z). 

More precisely let Z be the normalization of the closure of Z in X and let Z^ 
be the infinite places of k(Z), i.e. the finite set of the closed points of Z which 
map to X \ U. We define 

k(Z) D = f| Kei(0* Ny ^ (O zN JI D O zNjy ) x ) Ck(Z) x , 
y€Zoo 

where O z n y is the local ring of Z N at y. Thus C(X, D) is an extension of the Chow 
group of zero-cycles of U which has been used repeatedly, see |ESVj |LWj |Ru| . It 
is also an extension of Suslin's singular homology HQ n9 (U,Z), see |SVj and Remark 
ll.5l below. In case dim(X) = 1 it is the class group with modulus D used in classical 
class field theory. 

We then introduce our class group of U as 

C(U) :=^mC(X,D) , 
D 

where D runs through all effective Cartier divisors on X with \D\ C X \ U and en- 
dow it with the inverse limit topology where C(X, D) is endowed with the discrete 
topology. We show that the topological group C(U) is independent of the compact- 
ification X of U, and construct a continuous map of topological groups, called the 
reciprocity map, 

pu : C(U) ->■ <([/), 

such that its composite with the natural map Zq(U) — > C(U) is induced by the 
Frobenius maps Frob x : Z — } irf°(U) for closed points x of U . The reciprocity map 
induces a continuous map 

pi : C(U)° -+ nf(U)°. 

Here vrf (U)° = Ker(7rf b (c0 -± vrf b (Spec(A:)) and C(U)° = Ker(C(C/) ^ Z), where 
deg is induced by the degree map Zq(U) — > Z. Now our main result, see also 
Theorem 13. 3\ is the following. 

Theorem I (Existence Theorem). Assuming ch(k) ^ 2, p^j is an isomorphism of 
topological groups. 

In case dira(X) = 1 the theorem is one of the main results in classical class field 
theory. In higher dimension a special case of Theorem I, describing only the tame 
quotient of 7r^ b (C7), is shown in |SSj (see also [WiJ and |KeScj ) . 

In [KS] an analog of Theorem I is shown with C(U) replaced by a different class 
group C KS (U) explained below, which can be described in terms of higher local 
fields associated to chains of subvarieties on a compactification X of U. Recall C(U) 
is defined only in terms of points and curves on U. There is a factorization of the 
reciprocity map 

C(U) -» C KS (U) -> irf(U) 

and the main result of |KS] over a finite field, see also [Ral Thm. 6.2], is a direct 
consequence of our Theorem I. 



CHOW GROUP OF 0-CYCLES WITH MODULUS 3 

Using ramification theory in local class field theory, Theorem I implies. 

Corollary II. Assume ch(k) 7^ 2. For an effective divisor D on X with \D\ C X\U, 
pu induces an isomorphism of finite groups 

C(X,D)° ^irf(X,D)°, 

where iTi h (X,D) is the quotient of 7rf h (X) which classifies abelian etale coverings of 
U with ramification over X \U bounded by the divisor D. 

The finiteness of C(X, D)° is equivalent to the rank one case of Deligne's finiteness 
theorem (see [EK| Thm. 8.1]). Our arguments yield an alternative proof of this 
finiteness result. 

Ramification theory. The Pontryagin dual fil£)H l (U) of irf h (X,D) is the group 
of continuous characters x '■ 7rf (£/) — > Q/Z such that for any integral curve Z C U, 
its restriction x\z '■ vr^ b (Z) — > Q/Z satisfies the following equality of Cartier divisors 
on Z N : _ 

Yl <* y (x\zM < r z D, 

y&Zoo 
where ency(x\z) S Z>o is the Artin conductor of x\z at y £ Z^ and ip* z D is the 
pullback of D by the natural map ipz '■ Z — > X (see Definition 12. 8|) . 

Our proof of Theorem I depends in an essential way on ramification theory due 
to Kato [KalJ and its variant by Matsuda |Maj . Let K\ be the henselization of 
K = k(U) at the generic point A of an irreducible component C\ of X \ U and 
let H l {K\) be the group of continuous characters Gk x — > Q/Z, where Gk x is the 
absolute Galois group of K\. They introduced a ramification filtration ^mB^iKx) 
(m € Z>o) on H l (K\) which generalizes the ramification filtration for local fields 
with perfect residue fields (see |Sel] ). and defined a natural injective map 

(0.1) rar^ A : fil^^/fiL^tf 1 ^) -> VL r x {mC x ) ®o x k(C x ) (m > 1) 

which we call refined Artin conductor (indeed what Kato originally defined is refined 
Swan conductor and we use a variant for Artin conductor introduced by Matsuda), 
where k{C\) is the function field of C\. In case C = X \ U is a simple normal 
crossing divisor on smooth X, results from the ramification theory imply 

m D H l (U) = Ker(H\U) -* H 1 (K x ) /Slm^H 1 (K x )) . 

Here H l (U) denotes the group of continuous characters x '• ^1 (U) —5- Q/Z, / is the 
set of the generic points A of C and m\ is the multiplicity of C\ in D. 

Now the basic strategy of the proof of Theorem I is as follows (see ^3] for the de- 
tails) . By an argument due to Wiesend we are allowed to replace X by an alteration 
/ : X 1 — > X and U by a smooth open U' C f~ l {U). Then a Lefschetz theorem for 
7rf b (A, D) (cf. [KeS] ) reduces the proof to the case where X is a smooth projective 
surface and C = X \ U is a simple normal crossing divisor. The proof then proceeds 
by induction on the multiplicity of D reducing to the tame case D = C. A key point 
is the construction of a natural map, which we call the cycle conductor, defined for 
Cartier divisors D such that D > 2C: 

cc x ,d : C(X, D) y := Hom(C(X, D), Q/Z) -* H°(C, Q} X {D + E) ® Gx O c ), 

where 5 C X is an auxiliary effective Cartier divisor independent of D. It satisfies 

Ker(ccx,z?) = C(X, D - C) v C C{X, D) y , 
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and the following diagram 

&\ D H l {U) ^^\ mx H\K x ) - » Q l x (D) ® 0x k(C x ) 



C(X, oy — - H°(C, n x (D + S) ®o x o c ) 

commutes. Here ^x,D is the dual of the reciprocity map C(X, D) — > 7rf h (X,D) 
induced by p\j. Therefore we consider the cycle conductor ccx,d as a cycle theoretic 
avatar of the refined Artin conductor of Kato and Matsuda. 

By duality, the definition of cycle conductors is reduced to the construction of a 
natural map 

(0.2) <j> x>D : H l (C, n x (-D + C-E) ® Gx O c ) -> C(X, D) 

such that the following sequence is exact 

H\C, n x (-D + C-E) ® 0x O c ) "^ C(X, D) ->• C(X, D-C)->0. 

In fact it turns out that such a map exists even over a general perfect field k at 
least after replacing C(X, D) by a partial p-adic completion (see Theorem 14.51 and 
Remark 14.61 for details). 

General base fields. Let now k be an arbitrary perfect field of characteristic p > 
and let U be a smooth variety of dimension d over k as above. The previous result 
suggests the following question. Note that it has a positive answer for k finite by 
Theorem I even without p-adic completion. 

Question III. Does the natural map 

C(U) -> C KS (U) 

to Kato-Saito class group over a general perfect field k become an isomorphism after 
p-adic completion? 

Recall that the Kato-Saito class group is defined in terms of Nisnevich cohomology 
groups 

C KS (U) = \^mH d (X ms ,ICf(X,D)). 

D 

Here JC¥(X, D) is the relative Milnor i^-sheaf of [KSJ and D runs through all effec- 
tive C artier divisors on X with \D\ C X \ U. 

Skeleton sheaves. Let again X be a normal variety over the finite field k and let 
C be as above. Consider a family (Vz)z, where Z runs through all closed integral 
curves on U and where Vz is a semi-simple lisse Q^-sheaf on the normalization Z 
of Z. We say that that the family (Vz)z is compatible if for two different curves 
Z\, Z<i the sheaves Vz 1 and Vz 2 become isomorphic up to semi-simplification after 
pullback to the finite scheme [Z\ xx ^2)rcd- Such compatible families are also called 
skeleton sheaves and have been studied by Deligne and Drinfeld, see [EK] . 

We say that a skeleton sheaf (Vz)z has bounded ramification if there exists an 
effective Cartier divisor D with \D\ C C and such that 

£ ^ y (Vz)[y] < r Z D 
for all integral curves Z on U. 
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Question IV (Deligne). Does any skeleton sheaf (Vz)z with bounded ramification 
come from a lisse Q^-sheaf V on U, i.e. is the semi- simplification ofV\z isomorphic 
to Vz for all curves Z? 

Combining Theorem I with classical global class field theory we obtain: 

Corollary V. Question IV has a positive answer in rank one. 



We give an overview of the content of the paper. 

In §1 we introduce a class group W{U) studied by Wiesend [Wij . We define some 
nitrations on W(U) and explain their basic properties. Our class group C(X, D) 
can be defined as a quotient of W(U) by a certain filtration. We also introduce a 
tool to produce relations in W(U). 

In §2 we review some results on ramification theory. The first subsection treats 
local ramification theory for henselian discrete valuation fields whose residue fields 
are not necessarily perfect, originally due to Kato [Kal| . |Ka2j and [Ka3| . The refined 
Artin conductor, see (|0.ip . is introduced, which plays a key role in this paper. In 
the second subsection, some implications on global ramification theory are given. 

In §3 the reciprocity map pu is defined and the Existence Theorem is stated. 
The basic strategy of the proof of the Existence Theorem is explained. We explain 
an argument due to Wiesend, which allows us to replace X by an alteration. We 
reduce the proof to the case dim(X) = 2 by using the Lefschetz theorem for abelian 
fundamental groups allowing ramification along some divisor, which is proved in 
[KeSj . 

In §4 we start the construction of the map 4>x,D > see (|0.2[) . It is the dual of the 
cycle conductor which is a key ingredient of the proof of the Existence Theorem. 
The description of local components of (px,D is given, depending a priori on a choice 
of local parameters. The independence of the choice is deduced from a technical 
key lemma from §6. Two key theorems are stated. The first theorem asserts that 
the collection of the local components induces the desired map 4>x,D- The second 
theorem states a compatibility of <px,D with the refined Artin conductor. The proof 
of the Existence Theorem is completed in §5 using these key theorems. 

The key theorems are proved in §7 and §8 assuming the technical key lemmas 
stated in §6. The proof of these lemma occupies the later sections §9 through §13. 
The tool to produce relations in W(U) introduced in §1 will play a basic role in the 
proof. 

There is work related to our main results by H. Russell involving a geometric 
method based on his joint work with K. Kato on Albanese varieties with modulus. 

Acknowledgment. We would like to thank A. Abbes and T. Saito for much advice 
and for improving our understanding of ramification theory. We profited from dis- 
cussions with H. Russell on different versions of relative Chow groups with modulus. 
The first author learned about the ideas of Deligne and Drinfeld in his joint work 
with H. Esnault. He would like to thank her cordially for this prolific collaboration. 
The proof of the main theorem of this paper hinges on seminal work of Kato on 
ramification theory and class field theory for higher local fields. We would like to 
express our admiration of the depth of ideas in his work. 
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1. WlESEND CLASS GROUP AND FILTRATIONS 

In the whole paper we fix a perfect field k with ch(/c) = p > 0. At many places 
we have to assume p ^ 2. Let X be a proper normal scheme over k and C be the 
support of an effective Cartier divisor on X and put U = X \C. Note that C is a 
reduced closed subscheme of pure codimension one, 

Definition 1.1. Let Z\{X) + be the monoid of effective 1-cycles on X and 

Z 1 (X,C)+CZ 1 (X)+ 

be the submonoid of the cycles Z such that none of the prime components of Z is 
contained in C. Take 

l<i<r 

where Zi,...,Z r are the prime components of Z and rii E Z>o- We write 

fc(Z) x = fc(Zi) x ©---©A;(Z r ) x , 



u 2,ci, / z = [7 (/ Zi r COi, 



Ki<r 
l<i<r 

where Iz i C Ox is the ideal of Zj. We say Z is reduced if rn = 1 for all 1 < i < r 
and integral if it is reduced and r = 1. We say Z intersects C transversally atiEl" 
(denoted by ZfnlC at x) if |Z| and C are regular at x and the intersection multiplicity 

(Z, C% := length 0x jO x , x /Iz + I C ) = 1- 

We say Z intersects C transversally (denoted by Z fn) C) if Z rfTl C at all x € Z n C. 

Definition 1.2. For Z £ Z\(X, C) + , let Vz : Z — >■ |Z| be the normalization and 
put 

Z 00 = {yeZ N |Vz(x)€|Z|nC7}. 
For y £ Z^, let k(Z) y be the henselization of &(Z) at y and put 

fc(Z) 00 = J] k(Z) y and fc(Z)£ = J] fc(Z) x . 

The Wiesend class group of U is defined as 

(1.1) W(U) = Coker(0 fc(Z) x A fc(Z)£ Z (C/)), 

ZcX ZCX 

where Z ranges over the integral elements of Z\(X, C) + |Wi| . |KeScj . Here we map 
k(Z) x diagonally in k(Z)^ Q and k(Z) x —> Zq(U) is the composite map 

«(z) x di ^T Zo(znc/) ^ z (c/). 

Obviously VF(C7) depends only on U, i.e. is independent of (X, C) such that [7 = 

X\C. 

For a morphism / : U' — > U of smooth varieties there is an canonical induced 
morphism 

(1.2) /* : W(U') -> W(tf), 

see |Wij and [KeScl Sec. 7]. If / is finite we also speak of the norm map and write 
N f for /„. 

Definition 1.3. Let Z G Z X (X,C) + . 
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(1) Assume Z integral. For x € Z n C, we have the natural map 

{} z , x : k(Z)*^W(U) 

where ipz '■ Z — >■ Z is the normalization. Taking the sum of these maps for 
x £ Z (~l C, we get 

{ } z : fc(Z)£ -+ W(t/). 

(2) In general we write Z = ^eiZi where {Zj}j g / are the prime components of 
Z and &i £ Z>o, and define 

{ }z,x = £ e 4 { K, ; fe(Z)£-HF(CT), 

{ }z = £ e *i >* ; KZ& -+ w(u). 

where iftz '■ Z — > \Z\ is the normalization. 

Let the notation be as in Definition 11.31 and Z G Z\(X, C) + . Write Oz = Ox/Iz 
and Zx for the henselization of Qz,x for x € \Z\. We also write 



O h z,cnz = II Z)X , O zNcnZ = Z)C nz ®o z °z N = \\ °z N ,y 
xeznC y^ z l {znc) 

We have the natural maps 



Oz,cnz —> ^z N ,cnz ^ k(Z) c 



Definition 1.4. Let D be an effective Cartier divisor such that \D\ C C and let 
Id = Ox{—D) be the ideal sheaf of D. 

(1) We define F^ D 'W(X, C) C W(U) as the subgroup generated by 

{1 + lDO ZCnZ }z 

for all Z e Z X {X,C) + . 

(2) We define F^W(X,C) C W(U) as the subgroup generated by 

{l + I D O zNcnZ } z 

for all Z € Zi(X,C)+. Note F^W{X,C) C F^W(X,C). 

(3) We define F^ l 'W{U) C W(U) as the subgroup generated by 

{l + mO zNCnZ } z 

for all Z e Z\{X, C) + , where m is the Jacobson radical of O^jv c n ^- Note 
that F( 1 )W(C7) depends only on 17 and F^W(X,C) C FWW(U) if \D\ = 
C and F( 1 )W r (?7)/F( D )iy(X,C) is p-primary torsion. 

(4) For a dense open subset V C X containing the generic points of C, we define 

F^W(X,C) = £ {1 + GjGnC (-D)} GjX C F^W(X,C), 

G,x 

where x ranges over the regular closed points of C H V and G ranges over 
Zi(X, C) + such that GfnlC at x. In case V = X we simply denote F^W(X, C) 

Fi D) W(X,C). 
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Remark 1.5. It is shown in |Sc|. Thm 3.1] that there is a natural isomorphism 

W{U)/F^W{U) ~ H* in9 (U,Z), 
where the right hand side is Suslin's singular homology. 
Definition 1.6. Under the notation of Definition 1 1.44 we put 

C(X,D) = W(U)/F^W(X,C). 
By the weak approximation theorem, we have an isomorphism 

C(X,£>)~Coker(0 fc(Z)* -► Z Q (JJ)) , 

ZcX 

where Z ranges over the integral elements of Zi(X,C) + , and 

k(Z) x D k{Z)l = Ker(k(Z) x -> J] fc(Z)*/l + I d O z m J 

y&Zoo 

= fl Ker(0* Ny -+(O zN JI D O zNjy r) . 

y&Zco 

Thus C(X, D) is an extension of the Chow group of zero-cycles of U. 

Lemma 1.7. Let f : X' — > X be a morphism with f(X') (~)U ^ and let D be an 
effective Cartier divisor on X with \D\ C C. Set U' = / _1 (C/) and D' = f*D. Then 
the pushforward flO} satisfies f*(F( D '1W{X',C')) C F^W{X,C). 

Proof. This is a direct consequence of the definition and standard properties of the 
norm map for local fields. □ 

In what follows we assume dim(X) = 2. 

Definition 1.8. Let X be a projective smooth surface over k. Let Div(X) + be 
the monoid of effective Cartier divisors on X and Div(X, C) + C Div(X) + be the 
submonoid of such Cartier divisors D that none of the prime components of D is 
contained in C. Then Z\{X) + coincides with D'w{X) + and Zi(X, C) + coincides 
withDiv(X,C)+. 

Definition 1.9. Let C be the category of triples (X, C), where 

• X is a projective smooth surface over k, 

• C is a reduced Cartier divisor on X. 

A morphism / : {X' , C) — > (X, C) in C is a surjective map / : X' — >• X of schemes 
such that C = / _1 (C) rod . For / as above and for D G Div(X)+, we let f*D € 
Div(X) + be the pullback of D as a Cartier divisor. Let Cx C C be the subcategory 
of the objects over X. 

Definition 1.10. Let X = (X,C) be in C. 

(1) Let Bx C Cx be the subcategory of the object (X, C), where g : X — >■ X is 
the composite of successive blowups at closed points. 

(2) Let Bx C Bx be the subcategory of the object (X,C), where g : X — > X 
is the composite of successive blowups at closed points of regular loci of 
preimages of C. 

Lemma 1.11. Let X = (X,C) be in C and D G Div(X)+ such that \D\ = C. For 
g : (X, C) — > (X, C) in Bx, we have 

F^W(X,C) C Fb' D )w(X,C) C F^W{X,C). 
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We have 

F iD) W{X,C)= lim F (9 * D) W{X,C), 

g-.X^X 

where g : (X , C) — > (X, C) ranges over Bx- 

Proof. Take integral Z € Div(X,C) + and let Z' £ Div(X,C) + be its proper trans- 
form. Then Z' is finite over Z and we have 

Oz,cnz c °z>,cnz' c ®z N ,cnz- 

The first assertion follows from these facts. The second assertion follows from the 
fact that for any integral Z G Div(X, C) + , there is g : X — > X in Bx such that the 
proper transform of Z in X is regular. □ 

Definition 1.12. For X = (X, C) and D as in Lemma 11.111 we put 

F < f ) W{X,C)= lim F^ D ^W(X,C), 

g-.X^X 

where g : (X,C) — >■ (X,C) ranges over Bx- Lemma 1 1 . 1 1 1 implies 

F^W(X,C) C F ( B D) W{X,C) C F^W{X,C). 
For g:(X,C)-> {X, C) in B x , we have 
(1.3) FJf D) W(X, C) = F { B D) W(X, C). 

Remark 1.13. For Z € Div(X, C) + , we have an isomorphism 

O z ,cnz®o x O c ^ [] °z,x®O x O c , 

xeznc 

Hence we have an isomorphism 



l + IpOz,cnz /r\ 1 + lD °i* 

1 + I D+c O z ,cnz ~ x( ^ c 1 + /d+cOL 



and we have 



xeznc 



Let X = (X, C) be in C. We introduce a tool to produce relations in W(U) by 
using symbols in the Milnor K-group K^ (k(X)) of the function field k(X) of X. 

Lemma 1.14. Let a,b E k(X) x and write as divisors 

div x (a) = Z+ - Z~ + W a , div x (6) = Z+ - Z b + W b , 

where Z+, Z~ , Z b , Z b are in Div(X, C) + and W a ,Wi, have support in C. Assume 
that Z+, Z~ , Z b , Z b have no common component. 
Then 

d{a,b} := {a\ z +} z + - {a\ z -} z - - {b\ z +} z + + {b\ z -} z -, 

vanishes in W(U). Here a, z ± G k(Z b )£, (resp. b, z ± € k(Z^)£ Q ) is the image of a 
(resp. b). 
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Proof. Let a + € k(Z^) x , a~ € k(Z^) x be the restrictions of a and /3 + € k(Z+) x , 
/3~ € k(Z~) x be the restrictions of 6 (see Definition II .ip . Obviously, the elements 

5(a+),<5(a-),,5(/? + ),£(/?-) 

map to zero in W(U), with 5 as in (jl.ip . In order to finish the proof of the lemma 
it suffices to show 

d{a,b} = 5(a + )-5(a~)-5(f3 + ) + 5((3-)£ fc(Z)£ © Z (C/), 

zcx 

i.e. that the contributions of the right hand side at any closed point x € U cancel 
out. This is a consequence of the Gersten complex for i^-theory 

K 2 {k(X)) -> K t (y) -j. # (x) = Z. 

^Spec^t/,^ 1 ) 

□ 

2. Review of ramification theory 



2.1. Local ramification theory. In this subsection iC denotes a henselian discrete 
valuation field of ch(K) = p > with ring of integers Ok and residue field -E. Let 
7r be a prime element of Ok and m^ = (ir) C Ok be the maximal ideal. By the 
Artin-Schreier-Witt theory, we have a natural isomorphism for s £ Z>i, 

(2.1) 5 S : W s (if)/(1 - F)W,(10 A H\K,Z/p s Z), 

where Ws(ii') is the ring of Witt vectors of length s and F is the Frobenius. We 
have the Brylinski-Kato filtration 

&& S W S {K) = {(o._i, . . . , ai, ao) G W.(JiQ | pW(oi) > -m}, 

where i^ is the normalized valuation of K. In this paper we use its non-log version 
introduced by Matsuda [MaJ: 

where s' = min{s,ord p (m)} and V : W s -i(K) — > W S (K) is the Verschiebung. We 
define ramification nitrations on H l (K) := H l (K, Q/Z) as 

GiZ?H\K) = H\K){p'} © U S s (m l ^W s (K)) (m > 0), 

S>1 

&\ m H\K) = H\K){p'} © U 5 s (m m W s (K)) (m > 1), 

S>1 

where H 1 (K){p'} is the prime-to-p part of H l (K). We note that RlmH 1 (K) is 
shifted by one from Matsuda's filtration [Mai Def.3.1.1]. We also let filo-ff 1 (K) be 
the subgroup of all unramified Galois characters. 

Definition 2.1. For \ G ^(K) we denote the minimal m with % E fi\. m H l (K) by 
ar^(x) an d call it the Artin conductor of x- 

In case the field E is perfect this definition coincides with the classical definition, 

see [Ka2l Prop. 6.8]. 

We have the following fact (cf. |Ka2| and [Map . 

Lemma 2.2. (1) S\\H l (K) is the subgroup of tamely ramified characters. 

(2) m m H l (K x ) C m l ^H l (K) C m m+l H l (K). 

(3) G^HHK) = m^H^K) if(m,p) = 1. 
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The structure of graded quotients: 

gi m H l (K) = m m H 1 (K)/m m ^ 1 H 1 {K) (m > 1) 
are described as follows. Let Q} K be the absolute Kahler differential module and put 

fil m O^- = m^ m ®o K ^o K - 
We have an isomorphism 

(2.2) g r m f^ = m m n 1 K /m m . l n 1 K ~ xn K m n l OK ® Qk e. 

We have the maps 

s-l 

F s d : W S {K) -+ Q} K ; (o 8 _i, . . . , a\, a ) ->■ J^ df^doi- 

i=0 

and one can check 2* , M(fil m W s (.fC)) C fil m f^. 

Theorem 2.3. (jMaJj Assume m > 1. 

(1) T/ze maps -F s d factor through 5 S and induce a natural map 

which induces an infective map (called the refined Artin conductor for K) 

(2.3) rax* : gi m H\K) -> gr m ^. 

(2) // i/te residue field of K is perfect the map (|2.3|) is surjective. 

Definition 2.4. Let If be as before and KJf{K) be the iV-th Milnor if-group of 
i"f. For an integer m > 1, we define V m Kff (K) C Kff (K) as a subgroup generated 
by the elements of the form 

{1 + a, &i, . . . , 6at_i} and {1 + a7r, 6i, . . . , 6jv_ 2 , vr}, 

where a € m^ and 6i, . . . , 6jv € O^. 

The following lemma is proved by a similar argument as the proof of [BKj Lem. (4.2)] . 

Lemma 2.5. There is a canonical surjective map 

p^ : m™" 1 ^; 1 ®o K E -> y" 1 - 1 ^ (K)/V m K%(K), 

such that 

Px(adbi A • • • A db N _i) = {1 + abi ■ ■ ■ 6jv-i, &i, • • • , &at-i}- 

where a € tn^~ and b±,. . . ,bw S Ox . 

Now we assume X is an ^-dimensional local field in the sense of |Kal| . namely 
there is a sequence of fields ko, . . . , kjy such that ko is finite, k^ = K, and for 
1 < i < N, ki is a henselian discrete valuation field with residue field ki—%. Then 
Kato [Ka2] defined a canonical map 

(2.4) m K : H\K) -> Rom(K^(K), Q/Z), 

which satisfies the following conditions (cf. [Ka3l §3.5]): 

(i) For m £ Z>i and x £ E[ l (K), we have an equivalence of conditions: 

X em m H\K) <==> y K ( X )(V m K™(K))=0. 
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(ii) The following diagram is commutative 



rarx 



(P£) V 

/ 

m K m ^o K ®O k E — '-+ Homlm™- 1 ^; 1 ®o K E, Q/Z) 
where the right vertical map is induced by p^ and r is induced by the pairing 



m- m n l OK ® 0k E x m™- 1 ^; 1 ® 0jf £ -> tn^fi^ ® 0jf £ ^4 fi^" 1 



Res E / Vp 



¥ p ~ Z/pZ, 



where Res E / v is the residue map for the (JV — 1) dimensional local field E 1 
defined by Kato [Kail §2]. 

2.2. Global ramification theory. Let X be a normal variety over a perfect field 
/c. Let U C X be an open subscheme which is smooth over k and whose reduced 
complement C C X is the support of an effective Cartier divisor. Our aim in this 
section is to introduce the abelian fundamental group 7rf b (X, D) classifying abelian 
etale coverings of U with ramification bounded by D. Here D € Div(X) + is an 
effective divisor with support in C. 

Let I be the set of generic points of C and C\ = {A} for X £ I. For A € I let 
K\ be the henselization of K = k(X) at A. Note that K\ is a henselian discrete 
valuation field with residue field k(C\). We write H l (U) for the etale cohomology 
group H l (U,Q/Z). 

Proposition 2.6. 

(1) Assume C is regular at a closed point x and x G C\ for A € /. Let F € 
Zi(X, C) + be such that F(n\C at x and let k(F) x be the henselization of k(F) 
at x. Take x £ ^(U) and let x\k x £ H (K\) and x\f,x € H 1 (k(F) x ) be its 
restrictions. For an integer m > 0, we have an implication: 

X \k x e&l m HHKx) => x\F, x e&l m HHk(F) x ). 

(2) Assume C = C\ is regular and irreducible. Let Tx be the tangent sheaf of X. 
There is a dense open subset V x C ¥(Tx\c x ) (depending on x) such that for 
any integral F € Z\(X, C) + and for any x with F (n) C at x the implication 

T F (x)eV x =► ar Kx ( X \ Kx ) = ar k{F)x (x\ F ,x) 

holds. 

(3) Assume C is a simple normal crossing divisor in a neighborhood of x. Let 
g : X' = Bl x (X) — > X be the blowup at x and E C X' be the exceptional 
divisor and K E be the henselization of K at its generic point. For a Cartier 
divisor D supported on C we put 

m E = ^2 m ^( D ), 

where L x be the set of irreducible components of C containing x and m\(D) 
is the multiplicity of D at X. Then, for 

X € Ker(H\U) -> H\K x )^\ mx{D) H\K x )), 



xei x 



we have x\k b € fi\-m E H 1 (K E ) 
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Proof. (1) and (2) follow from |Ma| (7.2.1)]. (3) is proved by the same argument as 
[Ka2l Th.(8.1)] using [Mil Cor.4.2.2] instead of [Ka2l Th.(7.1)]. □ 



Corollary 2.7. Assume C is a simple normal crossing divisor. For x £ H 1 ^) and 
a Cartier divisor D supported on C, the following are equivalent 

(1) for all generic points A of C we have x\k x £ ^m x (D)H l {K\), 

(2) for all integral Z € Z\(X,C) + and x € Z^, we have (see Definition ] 1.0^1 

X\z,x e ^m x (ip* z D)H 1 {k(Z) x ) . 

Here x\z,x £ H (k(Z) x ) is the restriction of x and Tn x is the multiplicity at 
x. 

Proof. The corollary follows from the proposition by observing that for integral Z € 
Z\(X, C) + there is a chain of blowups in closed points such that the strict transform 
of Z becomes smooth and such that its intersection with the total transform of C is 
transversal. □ 

For general X and C, not necessarily of normal crossing, we make the following 
definition. 

Definition 2.8. For D G Div(X) + with support in C we define ?l\dH 1 {U) to be 
the subgroup of x £ H l {U) satisfying property (2) in Corollary 12.71 Define 

(2.5) Trf°(X,D) = Hom(fil D F 1 (?7),Q/Z), 

endowed with the usual pro-finite topology of the dual. 

One should think of Tif h (X,D) as the quotient of nf (U) classifying abelian etale 
coverings of U with ramification bounded by D. 

Proposition 2.9. The filtration fil£)i? 1 (C7) is exhaustive, i.e. 

\Jm D H 1 (U) = H 1 (U), 

D 
where D € Div(X) + runs through all divisors with support in C . 

A proof can be found in [EK} Sec. 3.3]. 

3. Existence Theorem 

In this section k is assume to be finite. Let U be a smooth variety over k. Choose 
a compactification U C X with X normal and proper over k such that X \ U is the 
support of an effective Cartier divisor on X. Put K = k(X). In §T]we defined the 
relative Chow group of zero cycles C(X, D), where D E Div(X) + is a Cartier divisor 
with support in C. We endow this relative Chow group with the discrete topology. 
We endow the group 

C([/) = limC(X, J D) 

D 

with the inverse limit topology. Here D runs through all effective Cartier divisors 
on X with support in C. 

Lemma 3.1. The topological group C(U) does not depend on the choice of the 
compactification XofU. 
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Proof. Let us write C(U C X) for the class group relative to the compactification 
X in the following. Assume U C X\ and U C X2 are two compactifications. Con- 
sidering the normalization of the Zariski closure of the diagonal U — > X\ x f, X2 , we 
may assume that there is a morphism / : X2 — > X\ which is the identity on U. It is 
then sufficient to show that the pushforward map (jl,2p 

(3.1) /, : C(U C X 2 ) -> C(C7 C X x ) 

is an isomorphism. For an effective Cartier divisor D on X\ with support in X% \ U, 
one easily see that /* : C(X2, f*D) — > C(X\,D) is an isomorphism (see Definition 
11.4( 2)). As the divisors f*D are cofinal in the system of all divisors on X2 with 
support in X2 \ U, the isomorphy of (|3.ip follows. D 

In fact it is also clear from the proof that U 1— y C(U) is a covariant functor from 
the category of smooth varieties over k to the category of topological abelian groups. 

Proposition 3.2. There is a unique continuous reciprocity homomorphism pu mak- 
ing the diagram 

Z (U) *C(U) 

PU 

w 

vrf b (C/) 

commutative. Here the diagonal arrow is induced by the Frobenius homomorphisms 
Frob x : Z — > -irf h (U) for closed points x G U. Moreover, pu induces a homomorphism 

p x>D :C(X,D)^Trf(X,D). 

Recall that the pro-finite fundamental group Trf h (X,D) classifies abelian etale 
coverings of U with ramification over C bounded by the divisor D, see Definition [2781 
In what follows write M v = Hom con t (M, Q/Z) for a topological abelian group M, 
where we endow Q/Z with the discrete topology. 

Proof of Proposition \3 .Si In [WiJ, [KeSc] a continuous reciprocity homomorphism 
r u '■ W(J7) — y 7rf (U) is constructed. In order to accomplish the proof of the 
proposition we need some ramification theory. It is sufficient to show that for any 
character 

X e(n?(U))^H l (U) 
there is a divisor D € Div(X) + with support in C such that r^x £ Hom(W (U) —?■ 
Q/Z) factors through C(X, D). In view of Definition 12.81 ramification properties of 
classical local class field theory (see [Sel[ Sec. XV.2]) imply that the map rjj induces 
a map 

^ XtD :fi\ D H l {U)^C{X,DY. 

Finally, the proposition follows from Proposition 12.91 □ 

Define topological groups C(U)° and 7rf b (C/)° as kernels in the commutative dia- 
gram 

(3.2) *C(U)° *-C(U) ^C(Specfc) 



Pu 

r ahfTT\0 . —ab/TT\ ■>* _ab/ 



Pk 



s- vrf (U)° ^ 7rf(U) —^ wf (Speck) 

where f : U —> SpecA; is the natural morphism. Note that C(Specfc) = Z and p^ 
maps 1 € Z to the Frobenius over k. Let 

pfj : C(U)° -> vrf (U)° 
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be the induced map. 

Our main theorem says: 

Theorem 3.3 (Existence Theorem). Over a finite field k with ch(k) ^ 2, p^ is an 
isomorphism of topological groups. 

Corollary 3.4. Assume ch(k) ^ 2. For an effective divisor D £ Div(X) + with 
support in C, pfj induces an isomorphism of finite groups 

PX ,D : C(X,D)°^irf h (X,D) . 

Proof. In view of Definition 12.81 the corollary follows from the Theorem l3.3l bv using 
standard ramification properties in local class field theory as in explained in [Sell 
Sec. XV.2]. " □ 

The proof of the Existence Theorem is begun in this section and completed in £j5] 
assuming some technical lemmas that will be shown in later sections. 

Now we start the proof of the Existence Theorem 13.31 Consider the following 
property 

1(7 : pu induces a surjection 
(3.3) V v : H\U, Q/Z) -> C{U) y = Hom cont (C(C/), Q/Z). 

Note that we already know that the map (|3.3p is injective by Chebotarev density 
theorem |Se2| . 

We now give an overview of the steps in the proof of the Existence Theorem 13.31 

• In Lemma 13.51 we show that property Ijj implies the Existence Theorem for 
the triple (X,C,U). 

• In Lemma 13.61 combined with de Jong's alteration theorem we show how to 
reduce the proof of Ify to the situation where C is a simple normal crossing 
divisor. 

• We use a Lefschetz hyperplane theorem [KeS] (C simple normal crossing) 
which allows us to reduce the proof of Ij/ to the case dim(X) = 2. 

• In §H we study (for dim(X) = 2) ramification nitrations on the Galois side 
and the class group side and compare graded pieces to complete the proof of 
I(/ in £J5J The understanding of the filtration on the class group side is our 
key new ingredient. 

Lemma 3.5. Property Ijj implies that the map pu in Theorem \3.3\ is an isomorphism 
of topological groups. 

Proof. As 7rf h (X,D)° is finite by [KeS] for any effective divisor D with \D\ C C, 
it is enough to show that pjj induces an isomorphism C(X,D)° — > Trf (X,D)° of 
abstract groups. It is sufficient to show that dually 

mx,D:h\ D H l {U)^C(X,D) y 

is an isomorphism. The latter is a direct consequence of Ijj and classical ramification 
theory for local fields. □ 

We next introduce certain reduction techniques for property Ijj, based on methods 
of Wiesend. In the following lemma we denote by / : X' — > X an alteration with 
X' normal. By U' C / _1 (C/) we denote an open smooth subscheme of X', which is 
the complement of the support of an effective Cartier divisor. We use the notation 

/ :U' -^U, C' = X'\ U'. 
Lemma 3.6 (Wiesend trick). 



16 MORITZ KERZ AND SHUJI SAITO 

(i) For f : X' — > X and U' C / _1 (£/) as above, the implication \jji => \jj holds. 
(ii) Assume that for any character \ £ C(U) V we can find f : X' — > X and 
U' C X' as above such that f*(x) = 0. Then property Ijj holds. 

Proof. We first explain the proof of (i). Consider the cartesian square of abstract 
groups 

(3.4) F 1 (C/)^^C(C/) V 

/* 

v > 9 V , y ' 

It is sufficient to see that a character \ £ C(U) V such that f*(x) is of the form 
\P[//(a") with a £ H l (JJ') is in the image of \&[/. We can choose another alteration 
/' : X" — > X' with the property that f'~ l (a) = 0. This means that without loss of 
generality we can assume that /*(%) = € C(U'). 

Shrinking U' we can also assume that U' — > f(U') C X is the composition of a 
finite surjective radicial map U' — > U& and a finite etale map U& — > f(U'). As the 
maps 

H\U &t ) ->■ H\U') and C(U 6t ) v ^ C(U') V 

are isomorphisms we can without loss of generality assume that X' —?■ X is gener- 
ically etale. In this situation we finally conclude that % is in the image of Vl/j/ by 
using Wiesend's method, see jKeScl Prop. 3.7]. 

The proof of (ii) is a variant of the proof of (i) . □ 

Lemma 3.7. Assume that property Iy holds for all smooth varieties U with dim(U) = 
2. Then it holds for arbitrary smooth U. 

Proof. By Lemma [3 .51 we obtain Corollary 13.41 for two-dimensional X. In the general 
case we reduce the proof of property Ijj to the case C is simple normal crossing and 
X is projective by Lemma 13.61 and de Jong's alteration theorem [dJ] . This means 
that for such (X, C, U) we have to show that the map 

C(X,D)° -nrf(X,D)° 

is an isomorphism for all D. 

Let C be an ample line bundle on X. Let i : Y «-> X be a smooth hypersurface 
section, which is the zero locus of some section of £® n (n > 0), such that Y xx C 
is a reduced simple normal crossing divisor on Y and let E = Y XjP. Consider 
the commutative diagram 

C^Ef^vf^Ef 



Zo(U)° — C(X, Df -^ < (X, Df 

The map py,E is an isomorphism by induction on dimension. The right vertical map 
is an isomorphism for n sufficiently large [KcSJ . The map px,D is surjective because 
of Chebotarev density [Se2| and the finiteness of 7rf b (X, D)°, see |KeS] . So we have 
to show injectivity of px,D- 

For an a E C(X,D)° with px,d(&) = use a Bertini argument to choose Y as 
above which contains the support of a lift of a to Zq(U). Then a is in the image of 
i*. A diagram chase shows that a = 0. 

□ 
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4. Cycle conductor 

Let the notation be as in SJTJ Let X = (X,C) be in C (cf. Definition II. 9|) . Let 
{C\}\ei be the set of prime components of C. Fix a Cartier divisor 

(4.1) D = y^mxCx with m x > 2. 

xei 

For a Cartier divisor F on X and Z € Div(X, C) + , we write 

Oz(F) = Oz®o x O x (F). 

For the moment we assume k is finite. In this section we will construct the key 
homomorphism 

(4.2) cc x ,d : C(X, D) v -► ff°(C, ^(D + 3) ® Qx O c ), 

and state its basic properties. Here E € Div(X, C) + is some sufficiently big Cartier 
divisor introduced below. First we note the canonical duality isomorphism 

(4.3) H°(C, n x (D + H) ®o x Oc) * H\C,n x (-D -C-E) ® Qx O c ) v ■ 
Indeed, let uic be the dualizing sheaf of C. We have 

uj c ~ £xt l 0x (Oc,n x )~n x (c)®o x o c , 

where the second isomorphism follows from the long exact sequence for Ext induced 
by the exact sequence — > Ox(—C) — > Ox — > Oc — > 0. Thus the Serre duality 
implies that the pairing 

n x (D + H) ®o x tix(-D + C-E) ® 0x O c -> fi^(C) ®o x O c =* u c 
induces a perfect pairing of abelian groups 

(4 ' 4) 

H°(c,n x (D+E)®o x o c )y<H 1 (c,n x (-D+c-E)^o x Oc) -> h\c,u c ) Tr -^ p Z/pZ, 

where Tr c /^ is the composite H 1 {C,ujc) — >■ A; — )- P Z/pZ. This induces (|4.3p . 
Hence the construction of (|4.2|) is reduced to that of its dual map: 



H\C, n x (-D + C-E) ® 0x Oc) -> C(X, D). 
or equivalently that of a map (see Theorem 14.51 below) : 

(4.5) (t> x ,D : H\C,n x (-D - E) ® 0x O c ) -)• PF(?7)/f( d+c %(X, C) 
for a Cartier divisor 

(4.6) D = y"m A C A with m A > 1. 

AG/ 

In fact this map turns out to exist over a general perfect field k at least replacing 
W (U) J F^ D+C 'W (X ', C) by its partial p-adic completion: We will get a natural map 

<Px,D : H 1 (C,n 1 x (-D-E)®o x O c ) -»• hm (W(Z7)/f( d + c )^(X, C)+p n F^W{U)) 

n 

(see Theorem 14.51 and Remark I4.6|) . We call ccx,d the cycle conductor for (X, D) . 

In what follows k is only assumed to be perfect. For a regular closed point x of 
C, there is a natural isomorphism 

n x (-D) ® 0x k(Cx) 



Hl{C^ x (-D)® 0x Oc) 



n x (-D)® 0x O c , x 
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where C\ is the irreducible component of C containing x. Thus we have a natural 
map 

(4.7) i 

ix ^xi-D)^o x OcAx) ^ Hl{c ^ x{ -D)® 0x O c ) -> H\C,U> x {-D-E)® 0x Oc). 
n x {-D) ®q x L>c,x 

We start with the construction of the local component <j)x.D OL x of 4>x,D for x G C\H. 

Fix a regular closed point x of C. For 5 G Ox,x, let divx,a;(<7) denote the effective 
Cartier divisor on X obtained from divx(g) by removing its components which do 
not contain x. Note divx,x(g) = drvx,x(ug) for u G Xx . Put 

( j x ~ n x (-D) ® 0x o c , x • 

Take a system of regular parameter (ty, /) of Oj^ such that it is a local parameter 
of C at x. We have 

^A> = O x ,x • dir Ox,. • df. 
Hence any element £ € A x is written in a unique way as 

£ = -(adir + pdf) with a, G O x ,i(-.D) mod Ox<c{-D - C). 

We define a map 

by 

(4.9) ^j(-(ad7r + M)) = {1 + (P ~ <*)}f,x + {1 + a} F7r>x , 

where F = div*,^/) G Div(X, C) + and F^ = div x , x (/ + vr) G Div(X,C)+ (see 
Definition OJ. 



Proposition 4.1. T/ze map /i^j is independent of the choice 0/(71",/). 
We use the following lemma (see Lemma l6.ip . 



Lemma 4.2. Lei x be a regular closed point of C. Let F,Z\,Z 2 G Div(X, C) + be 
such that F (n\C at x, and Fft\Zi and Z{ (nl C at x for i = 1,2. Let (ir, f) be a system 
of regular parameters such that 

F = divx,x(f), Zi = div x ,x(uif + *"), Z 2 = div x ,x(u 2 f + vr), C = divx,x(n), 

where Ux,u 2 G C^a;- -^ or a ^ @x,x(—D), we have 

{1 - K - u 2 )a} F>x + {1 - n ia } Zli , - {1 - u 2 a}z 2 ,:r G F( D+C %(X, C). 

Proposition 14.11 follows from the following claims. 

Claim 4.3. For a system of regular parameters (ir' , /') where f = uf and ir' = vir 
with u, v G Xx , we have n w j = Hn'j>- 

Claim 4.4. For a system of regular parameters (ir, /') where f = uf + ir with 
u G Xx , we have fi n j = fJ^ji. 

Proof of Claim\4^\ Put 

F^, = div x ,x(f + vr') = d\v x ,x{ uv ~ 1 f + 7r )- 
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For a, (3 £ Oc, x (—F>), we compute in A x 

£ := hadn + /3d/) = ^(ad(trV) + /3d(u~7')) 
(4.10) [ ; 

= — {auv^dir' + /3d/') + Pudu' 1 = -(aw)"W + /3d/0 

Hence 
AV./')(0 = i 1 + (Z 3 " «™ _1 )W + {1 + a™- 1 }?:,,, e W(f/)/F( D+c )^(X, C), 

/%,/)(£) - M(ir',/')(0 = i 1 - «(! - ™ _1 )}f,x + {1 + aji^^ - {1 + ai*" 1 }?;,!! 
which vanishes by Lemma 14.21 applied to 

F = divx,x(/), ^i = -Ftt = divx,x(/ + *"), ^2 = F£, = divx,^™" 1 / + vr). 
This completes the proof of Claim 14.31 

Proof of Claim \4-4\ Put 



11 
F' = &vxM) = divx,.(n/ + vr), # = div^(/ ; + vr) = div x , x (-/ + tt). 



Here we used the assumption p^2. For a,/3 £ Oc, x (—F>), we compute in A a 
(4.11) 



f := hadit + /3d/) = ^{adit + ^(df - dvr)) + ^udu' 1 



= l((cm-£)d7r + /3d/') 
Hence 
/*(*,/') (0 = {1 + (2/5 " a«)K * + {1 + («« - 0)}^,* € W(E/)/f( d+c )W(X, C), 

(4.12) M (ff> /)(0 -/*(*,/') (0 = 

{1 + 03- a)}^ + {1 + a}^,* - {1 + (2/3 - au)} F ^ x - {1 + (cm - /3)} F , iX . 

By Lemma 14.21 applied to 

F = divjf,x(/), Zi = -F* = div X) x(/ + vr), Z 2 = F' = div XtX (uf + vr), 
we get 

(4.13) {l-a(l-u)} F , x + {l+a} F „, x -{l + au} F , jX = £W(U)/F^ D+C ^W(X,C). 
By Lemma 14.21 applied to 

F = 6xvx,x(uf), Zi = F' = div x ,x(uf + vr), Z 2 = F^ = div x ,x(-uf + vr), 

we get 

(4.14) 

{l+(au-P)} F , x +{l+2(au-P)} F , jX -{l+(au-P)} n>x = e VF(*7)/F( D+C7 )H/(X,C). 

Summing up (J4TT3D and (I4T41 . we get A«(»r,/)(0 ~ A»(»r,/')(0 = ° b Y (EM)- This 
completes the proof of Claim 14.31 and hence that of Proposition 14.11 □ 

For a regular closed point x of C, let 
(4.15) , x : %|^4^ °^ (X) - mU)/F^W(X, C) 

n x {-D) ®o x Uc, x 

be the map in Proposition 14.11 We now state the key theorems for the proof of The- 
orem 13.31 The proof of Theorems 14.51 and 14.71 will be given in SJ7] and $8] respectively. 
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Theorem 4.5. There exists an effective Cartier divisor E independent of D as in 
(|4.6p such that C s i ng C H and a natural map 

<t> x ,D ■ H 1 (C,n 1 x (-D-E)(S)o x Oc) -> Hm (W (U) / F^ D+C ^ W (X , C)+p n F^W(U)) 

n 

for which the following conditions hold: 

(i) For any closed point x of C\E, the following diagram is commutative: 
(4-16) 

H 1 (C,n 1 x (-D-E)®o x O c ) 



Vt l x {-D)®o x O c , x ( x ) 

n x (-D)®o x o c , x 



">X,D 



fix 



lim (W(U)/F^ D+C ^W(X,C) +p n F^W(U)). 

n 

(ii) Imagers) = lmage(F^W{X,C)). 

Remark 4.6. 4>x,D lifts to a natural map 

0x,d : H\C,n x (-D - E) ® 0x O c ) -► W(U)/F^ D+C ^W(X,C) 

under one of the following conditions: 

(i) D > 2C, 

(ii) k is finite. 

The case (ii) follows from Corollary 15.21 As for the case (i), see Remark 17.71 



Theorem 4.7. Assume k is finite. For D as (|4.ip let 

cc x ,d : C(X, D) v -> H°(C, Q X (D + E) ® Qx O c ), 
be induced by (j>x,D-C by (|4.3|) . For A G I, let m\ be as in (|4.ip and 

rar^ A : gr mx H X (K X ) -> fil m ^^ A 
6e i/te refined Swan for K\ in Theorem \2.SX We note 

n 1 x (D)^o x k(c x )^gv mx n 1 Kx . 

Then the following diagram commutes 



h\ D H l (U) ^^ mx H x (K x 



rar K 



fii-p) ®o x k(C x ) 



i\ 



C(X,Df 



CCx,D 



ff (C,O^(L> + S)(8 Ox O c ) 
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5. Proof of Existence theorem 

Let the notation be as in SJSJ In this section we always assume ch(fc) ^ 2 and 
dim(X) = 2, but we do not assume that C is simple normal crossing or that X is 
smooth. We prove property Ijj in this case, which finishes the proof of the Existence 
Theorem 13.31 bv Lemma 13.71 We first make some reduction steps. 

We start with the tame case, which is essentially due to Wiesend. Note that 
the second statement of the following proposition is motivated by the fact that an 
abelian etale covering U' — > U is tame over C if and only if its pullback to integral 
F G Zi(X, C) + such that F ffil C is tame over C n F, see Proposition 12.61 

Proposition 5.1. Assume dim(X) = 2. The reciprocity map pu induces an iso- 
morphism of finite groups 

C(X,C)° ^irf(X,C)°. 
Moreover the closure of the image of F^ W(X, C) in C(U) is equal to F^ >W(X, C). 

Proof. It is shown in [KeScl Thm. 8.3] (see also Remark II. 5|) that pu induces an 
isomorphism 

W(U)°/F^W{U) ^ < b (X, C)°. 

The verbatim same argument shows the proposition. □ 

Corollary 5.2. Let the assumptions be as in Proposition \5.1[ For any Cartier divi- 
sor on X with \D\ C C, C(X,D)° is torsion of finite exponent andF^W(U)/F^W(U) 
is of finite exponent of p-power. 

Proof. Without loss of generality we assume \D\ = C. By Proposition 15. 1\ we have 

W{U) /{FPw(X,C) + F^W{U)) s W(U)°/F^W(U), 

and it is isomorphic to Trf°(X,C) , which is finite by [KeScl Th.2.7]. On the other 
hand p m FP\V{X, C) C F^W(X, C) if p m C > D since for F G Div(X, C)+ such 
that F rfTi C at x G F n C, (1 + FtX (-C)) pm C 1 + F , x (-p m C). D 

Now we turn to the proof of property Ijj in the wild case. By Wiesend's trick, 
Lemma f3.6l and a standard fibration technique |SGA41 XI, Prop. 3.3] we can assume 
that there is a proper smooth curve S over k and morphisms 

/ : X -> S and a : S -> X 

where / is a proper surjective morphism with smooth generic fiber and a is a section 
of /. Let I be the set of generic points A of C which lie over the generic point r/ of 
S. We can assume: 

• f(a(S) n C) does not contain r\. 

• The induced morphism C — >• S induces an isomorphism on each irreducible 
component C\ for A G I. Here C\ = {A}. 

• flu '■ U — > S is smooth. 



Let us fix an algebraic closure k(S) of k(S). Write 77 = Specfc(S). Let us consider 
pairs E = (T, 9) where 

• T is the normalization of S in a finite subextension of k(S) in the field 
extension k(S) C k(S) 

• 9 is an effective divisor on T. 
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Clearly for such aS = (T, 9) there is a canonical map T — > 5. We define a directed 
partial ordering on the set of all £ by setting 

Si = (r 1 ,0 1 )<s 2 = (T 2 ,0 2 ), 

if k(T\) C fe(T 2 ), which means that the map T 2 — >• .S factors canonically through 

T 2 ^h Ti -> S 
and if 

<£ 2>Sl (0l)<02. 

By abuse of notation we also write 9 € Div + (Xs) for the pullback of 9 to 

X-£ = normalization of X x g T. 

By C/s we denote the preimage of U in X^ \ supp(#). 

Using the compatibility of etale cohomology with directed inverse limits of schemes 
we get an isomorphism 

(5.1) limtf 1 ^) -^ H^Ufj). 

s 

Thinking of 17* as a smooth curve over 77 with compactification X^ we endow the 
cohomology group H l (Ufj) with the ramification filtration 

m m H\U fj ) = KeriH^U) -> ff 1 ^ )/fil m iT 1 (if^)) 

where if J" is the henselization of X^ at the preimage of A. Combining (|5.ip with 
Corollary 12.71 we get an isomorphism 

(5.2) lhnfiWffltf 1 ^) ^> fiW/ 1 ^). 

s 

Here we write C 6 Div + (Xs) also for the pullback of C G Div + (X) to the scheme 
Xs • Note that the filtration on the left side is constructed in terms of curves on X-% 
as in Definition 12.81 

Composing (|5.2|) with the dual reciprocity map, see Proposition 13.21 we get a 
homomorphism 

(5.3) ^ m) :m m H\Urj) ^limC(X s ,mC + 60 v . 

s 

Wiesend's trick, see Lemma[3l)J tells us that the surjectivity of VPi implies property 
lu- 

We next recall an idea of Wiesend, see [KeScj . which shows that \l/i is surjective. 

Lemma 5.3 (Wiesend). The map \Ed is surjective. 

Sketch of proof . Consider % € C(Xj],C + 9) y for some S = (T,9). By Wiesend's 
trick Lemma 13.61 it is enough to construct a quasi-finite map U' — > Us with dense 
image such that the pullback of x to U' vanishes. By Corollary 15.21 the map 

limHom cont (C(X s , C + 9),Z/n) ^ C(X S , C + 9) v 

n 

is an isomorphism. This means that we can find n such that 

X G Hom cont (C(X s , C + 0),Z/n) C C(X E , C + #) v . 

If we pull back x along the section a : T — > Xy, we get a character in C(T, #') v 
for some divisor 9' . By one-dimensional global class field theory it comes from a 
cohomology element in ff 1 (T \ \9'\) via the dual reciprocity map. Enlarging S, i.e. 
by making a base change in the base T, we can assume that this cohomology element 
vanishes. 
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The maximal abelian etale extension U' of {Uy,)^ which splits over the image of 
a, whose Galois group is ra-torsion and which is tame over {X^) n is finite. Finally, 
use base change for tame fundamental groups and one-dimensional class field theory 
along the fibers of Us — > T to deduce that the pullback of % to the class group of 
U' , or rather some spreading of U' to a scheme of finite type over T, vanishes. □ 

We now prove \Ed for m > 2 by induction on m. Consider the exact localization 
sequence 

-► H\X n ) -> H\U- n ) -> H l {K^) -*4 H 2 (X r - n Q/Z). 

xei 
It induces the exact sequences in the commutative diagram 

H\X n ) fiU-ltf 1 ^) Ae / fllm-l^H^A ) - Jl ^ 'K-l) 



H (Xfj 



+ m m H 1 (u ii 



+ ® XeI m m H\K-) 



t(filr, 



Here the vertical maps are the canonical inclusions. Taking cokernels of the vertical 
maps we get an exact sequence 



(5.4) 



-► gr m H\U n ) ^($ g T m H\K-) A t (fil m )/6(fil m _i) -> 0. 



Ae/ 



The map t in (|5.4p vanishes, because t(fil m )/i(fil m _i) is a subquotient of the coho- 
mology group -£f 2 (A^,Q/Z), which has no p-torsion by [SGA4[ X, Thm. 5.1], and 
gi rn H 1 (K^) is a p-primary torsion group. 

So we get a commutative diagram with exact columns 



m^tH^Urj) 



&\ m H l {U n 



9V 

n 



(m-l) 



'1 



(m) 



lhn E C(X s ,(m-l)C + 



-^lim C(X s ,mC + 



©^gr^ 1 ^ 



3Arar A 



-eA 6 / fi k(^c)^^(CA) 







The map cc is induced by the cycle conductor defined in $3] for a desingularization of 
Xj] . The exactness of the right vertical sequence is deduced from Theorem 14.51 The 
surjective map rar^ is the refined Artin conductor for K^ recalled in Theorem 12.31 
The lower square commutes by Theorem 14.71 

A diagram chase shows that the surjectivity of \Ed m implies the surjectivity of 
\Ed . This finishes the induction and therefore the proof of Theorem 

6. Key Lemmas 



Let the notation be as in 3H Let (X, C) be in C (see Definition 1 1.9|) and {C\}\<=i 
be the set of prime components of C. Fix a Cartier divisor 



(6.1) 



D 



xei 



m \C\ with m\ > 1. 
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In this section we state three key lemmas which will be used in the proof of the 
main results. The first key lemma is a relation among three symbols. 

Lemma 6.1 (three term relation). Let x be a regular closed point of C. Let 
F,Zi,Z2 G Div(X, C) + be such that F (nl C at x, and F fnl Zi and Zi fnl C at x 
for i = 1,2. Let (it, f) be a system of regular parameters such that locally at x, 

F = divx(/), Zi = divxOi/ + n), Z 2 = div^O^/ + tt), C = divx(vr), 
where ui,u 2 G 0^ x . For a G Ox,x{—D), we have 

{1 - (m - u 2 )a} F:X + {1 - u ia } ZltX - {1 - u 2 a} Z2 , x G F^ D+C "> W(X, C). 

To state the second key lemma, we introduce a definition. 

Definition 6.2. Let X = (X, C) be in C. Let F G Div(X, C)+ be a reduced effective 
Cartier divisor such that F fnl C. Fix n, ttd, f £ Ox,Fnc such that locally at F n C 

C = divx(vr), £> = divx(vr D ), -F = divx(/). 
By the assumption (tt, f) is a system of regular parameters in Ox,Fnc- For an 
integer e > 0, let V D ,e{ F ){x,C) = ^dA f ) denotes the set of a G H°(X,O x (-D + 
eF)) such that 

div x (a) = D-eF + W, 
where W G Div(X, C) + such that WnFnC = 0. For a G V D , e ( F )' P ut 

Z a = div x (l + a) + eF. 

It follows immediately from the definition that Z a G Div(X, C) + and Z a n C = 
F n C, and that locally at F n C, 

(6.2) Z a = div x (/ e + vr D -u) with u G 0* FnC . 
Note 

(6.3) 1 - f e+1 Za , C nz a = 1 + KDfO ZatC nz a C 1 + Oz 01 cnz a (-.D). 

Lemma 6.3 (increasing order). Lei Z a wit/i a G Vn^iF) be as above and take 
x € Z a C)C and A G / such that x E C\. Assume 

(*) H\X, O x (-2D -C + (e- 1)F)) = H l {C, O c (-2D + F)) = 0, 

(1) Assuming D > 2C and e > m\, we have 

{1 + f e+1 Za , FnC }z a , x C F^ D+C ^W(X, C). 

(2) Assuming p^2 and e > m\(p n — 1) /or n > 0, we have 

{1 + / e+1 Oz a ,Fnc}z a ,, C F( D+C ^W(X,C) +p n F^W(U). 

Remark 6.4. By Serre's vanishing theorem the condition (*) of Lemma 110. II is sat- 
isfied if F G £-{d) for d > sufficiently large (see Definition 17.21 below). 

The last key lemma concerns moving elements of W(U) to symbols on curves 
transversal to C. Take any dense open subset V C X containing the generic points 
of C and recall Definition 11.41 

Lemma 6.5 (moving). For any positive integer n, we have 

F (D ^W(X,C) C F ( m y ] W{X,C) + F (D+c ^W(X,C)+p n F w W(U). 
Remark 6.6. If D > 2C, we get (cf. Remark HMD 

F^W(X,C) cF^)w(X,C) + F( D+C %(X,C). 

The logical structure of the proofs of the above key lemmas is as follows: 
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Lemma 16,11 ■£= Lemma 19.11 

Lemma 16, 31 <= Lemma llU.ll 

Lemma fTOTTT l) <= Lemma MM + Lemma LTTTHr I) 

Lemma lll.lf l) => Lemma ll2.3l => Lemma ll2.ll 

Lemma MM. 2 ) + Lemma flTO 

Lemma \W7tt 2) => Lemma LTTZg 2) 

Lemma 16. 51 <^= Lemma lll.l( 2) + Lemma 19, II 

In §TJ]we prove Lemma 19.11 from which Lemma 16. II is deduced. Lemma 16.31 is an 
immediate consequence of Lemma 1 1 U . 1 1 which consists of two parts (1) and (2). In 
< U0l we prove Lemma \1 . 2 1 and Lemma [10.6( 1) from which Lemma fl 0.1 I f 1) is deduced. 
In §lll we prove Lemma lll.l( l) using Lemma llU.lf l). In §121 we prove Lemma ll2.3l 
using Lemma fll.l( l) and prove Lemma [1 2 . 1 1 using Lemma ll2.3l Lemma [10.6l f2) is a 
direct consequence of Lemma 112. II and Lemma 110.1( 2) follows from Lemma ll0,6( 2) 
and Lemma 110.21 as Lemma 110. 11 (1) is deduced from Lemma 110.6( 1) and Lemma 
110.21 in §101 Finally, in §121 we prove Lemma 16.51 using Lemma 111.1( 2) and Lemma 
I9~T1 

7. Proof of Key Theorem I 

In this section we prove Theorem 14.51 First note that (ii) follows from (i) thanks 
to Lemma 16.51 



Lemma 7.1. Let L/k be a finite Galois extension with G = Gal(L/k). If Theorem 
4-5\ holds for Xl = X 0^ L, it holds for X. 



Proof. For a regular closed point x of C, we have 



Tr L/k 



N L/k 



! 4^%" — *— W)/f< d + c >w(x,c) 



where the N L / k is the norm map for Xl — > X and y ranges over the points of Cl 
lying over x. We also have a commutative diagrams 

ni ( -n L: r ' o L ' \ ] ^H\C L ^ Xi (-D L - ~ L ) ® _ Cl ) 



yK 



^ XL {-D L )®o XL Oc L ,y \^^"X L \ ~* ^'^1 



Tr L/k 



Sl x {-D)<8 Ox 0cA x ) 



Tr L/k 



+ H 1 {C,n 1 x (-D-E)®o x O c ), 



si x {-D)® 0x o c , 
and the trace map Tr^i^ induces isomorphisms 

H 1 (C l ,U} Xl {-D l - H L ) ® 0xl Cl )g A H\C^ x {-D - H) ®o x O c ), 
n XL (-D L ) ® 0xl Oc L , y {y)\ ^ V x (-D) ® 0x O c , x {x) 

y\x 



n XL (-D L )®o XL Oc L , y Jg n x (-D)® 0x o c , 
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where Mq denotes the coinvariants of a G-module M. The lemma follows from 
these. □ 



Definition 7.2. Let (X, C) be in C (see Definition [L9]) . 

(1) Let H C X be a hyperplane section. For an integer d > let C{d) = \dH\ 
be the linear system on X of hypersurface sections of degree d. For t £ C{d) 
let F t C X be the corresponding section. We write Gr(l,£(d)) for the 
Grassmannian variety of lines in C{d). 

(2) A pencil {F t }teL of hypersurface sections parametrized by L £ Gr(l,C(d)), 
is admissible for (X, C) if A L n C = for the ax A L of L and F t frTl C for 
almost all t G L. 

By |SGA71 XVIII 6.6.1], for a sufficiently large d, there always exist L G £(d) 
admissible for (X, C). 

Now we start the proof of Theorem l4.5l In what follows we fix L £ C(d) admissible 
for (X, C) and tt £ k(X) such that: 

(7.1) div x (7r) = C + G -G oo with G ,Goo G Div(X,C)+. 
We also fix a finite set Tj, C L such that 

(7.2) F t (RlC7 and F ( nCn(G UG oo ) = l for t£L-T L . 
We have the rational map 

/i£ : X ■ ■ ■ — y L ; x —> t such that x £ Ft. 
By Definition 17.2( 2) /i£ is defined at any point of C and it gives rise to 
L ,t ^ C»x,a; for t G L and x G F t n C. 

Lemma 7.3. For each t £ L, choose a prime element ft £ Olj- 

(1) For t £ L — Tl and x £ Ft flC, we have 

^x, x = O x ,x ■ dw © O x , x ■ df t . 

(2) There exists an effective divisor 8 on L independent of the choice of ft such 
that \9\ =Tl and that for any t £ Tl and x £ Ft DC and for any 

w = jfadn + bdft) £ n x ® 0x k(C) with & £ k{C) = J] k(C x ), 

•'* AG/ 

we have the implication 

u £ n X x (.-Fo) ®o x O c , x => & G O c , x (-F t ), 

where Fg = ^2 etF t for 6 = Yl e tt with e t G r L>\. 

t£T L t£T L 

Proof. (1) follows from the fact that (tt, ft) is a system of regular parameters of Ox,x 
iit£L-T L and x £ F t n C. To show (2), note 

rU ,/^ ir^ d TT , ,„, d/ t 

^x ®Ox M<?) = *(C) • T © *(C) • -T 

ft ft 

and put 

e x = o c ,, • ^ © o c , x ~ cn x x ®o x HC). 

it It 

We see that 0^ is independent of the choice ft , namely for f{ = uft with u £ O x 

^ m dn _ 4f/ 
0x = C , c,x- 77 ©Oc,z-^f. 
it /* 



X 

a;' 
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Thus (2) follows from the fact that there exists an effective divisor 9 on L such that 
\9\ = Tl and that for any t G Tj_, and x E F t n C, we have 

^x ®o x O c , x (-F g ) c OcA- F t) ■ ®x- 

□ 

We fix 6 as in Lemma 17.31 and put 
(7.3) E = F e + G 00 £Div(X,C) + . 

Taking d in Definition 17.2( 1) large enough, we may assume 

(XI) For any t S L — Tl, the map induced by ()4.7p : 

xeF t nc xy ' °' a 
is surjective. 

For the moment we assume k is finite. The modified argument to treat the general 
case will be given later. Let i : L ~ Pj. = Proj(A;[To,Ti]) be an isomorphism over k. 
For a finite extension ¥ q of fc with q = p , put 

L(F,)? = {te L(F,)| t(i) + 0,oo}, where = (1 : 0), oo = (0 : 1) € Pj. 

Fix to € £(&) — Tl. Take i and g such that to £ ^(^"o)° an d consider the map 

t£L(¥ q )°\T L x£F t nC xK ;W C ' x 

(7-4) 

W(U)/F( D+C ^W(X,C) 
where ipL,i,q is induced by (|4.7p . We see 

Ker(VL, t , g ) = Image(iJ (C,^(-£)-H+ ^ F t )®O c )). 

teL(F,)°\T L 

Claim 7.4. Let u € F°(C, fi^ (-£> - H + V F t ) Oc) and uj x be the image 

teL(¥ q )°\T L 

of uj in Qr x {—D + F t ) <8> Oc,x for x £ C — Tl- For any n > we have 

J2 £ ^( w -) G F^ D+ ^W(X,C)+ P n FWw(U). 

teL(¥ q )°\T L xeF t nC 

We show Theorem 14.51 assuming the claim. The claim implies the existence of a 
map 

<f> LM : H 1 {C,Q} X (-D - S) ® O c ) -► W(£/)/F( D+c V(X, C) + p"F«W(lO 
such that the following diagram commutes 

iy(C/)/F( D + c )^(X,C) + P n F^W(U) 

Since to € L(F g )°\Tj / , (Jfrl) for t = to implies that $>£ = 0£,<,, g is independent of t 
and q. Take any a; € C — 3. Note t = Hl{x) Tl (cf. (|7.3p and Lemma [7T3T 2)). 
Moreover we can choose such t and q that t € L(F g )°. Then (|7.5p implies that (/>£, 
satisfies (|4.16p . which completes the proof of Theorem 14.51 in case k is finite. 
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Figure 1. The configuration of curves in the proof of Claim 17.41 
(ti,t2,t 3 €L(F g )»). 



Now we explain how to modify the above argument to treat the general case 
where k is not necessarily finite. Let F„ be the prime subfield of k. For i : L ~ Pi = 



Proj(fc[To,Ti]), an isomorphism over k, let 
be the composite of t and Pi — > Pp . For q 



p lv with N > 0, put 



L(FA = {t e L\ g L (t) is a F g -rational point of P F } C L, 



L{¥ q )° b = {te L(¥ q ) L \ g L (t) + 0, oo}, where = (1 : 0), oo = (0 : 1) G P Fp . 
By Lemma 17-H we may assume k D ¥ q with q > 4 so that 

(X2) for t,t' G L(fc), there exists i such that t,t' G -L(F g )°. 
With this modification, we follow the same argument as above until we show that 
Claim l7~4"l implies that 4>L,i,,q is independent of t and q. To show (|4.16p . take x E C— 5. 
By Lemma 17711 we may assume i G F( n C for some £ G £(&) — Tl- Then, by (X2), 
we may assume £ G L(¥ q )°\Ti J . Then (|4.16p follows from (|7.5p . This completes the 
proof of Theorem [ 



Proof of Claim \7Jj\ For t G L(F g )°\Tx, and x £ F t CiC, let w X) c be the image of uj x 
under the map 

n]c(-D + F t ) ® O c , x -)• ^("^ + F t)- 
In what follows we let 0, oo denote the closed points of L which correspond to 
0, oo G P F by t : L ~ Pi. By Lemma 17. II we may assume that the algebraic closure 
kf) of ¥ p in fe is large enough so that after a coordinate transformation of P| , we 
have 

(*1) 0,oo T L , and ord x (u x ,c) 



for any x <E C (1 Fo, 
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Here we assume without loss of generality that the restriction of oo to any generic 
point of G is not zero. Put 

(7.6) X = Tx/To G F P (P X ) and b=l-^ pi , 

which are considered as elements of k(L) C k(X) via g b . Put (cf. (|7.1|) ) 

(7.7) W b = dw x (b + 7r) + G oo + (q-l)F . 
Note 

(7.8) div x (6)= Yl F * -(?-l)--Fb, 

teL{¥ q )° 

Claim 7.5. (1) W 6 € Div(X, G)+ andW b nC C |J F t n C. 

teL(F 9 )° 

(2) For t £ L(Fg)°\T L and x £ F t D C, W b (fi\ C at x and divA>(b + vr) is the 
irreducible component ofW b containing x. 

(3) For t £ L(F q )° and x £ F t n C, we toe 

Ow b ,x{—Ft - Goo) C OvK b ,x(— C). 

Proof. (1) and (2) follow immediately from ()7.ip and (|7.2|) and (|7.8p except that 

W 6 n F n C = 0, which holds since C = div x (vr) and W fe = div x (X^ 1 - 1 + ttX^ 1 ) 

Xi- 1 - 1 + irXi- 1 
locally at FqC\C . The last fact is checked by noting b + it = _ . To 

show (3), let ir oo be a local parameter of Goo at x if x G Goo and Hoo = 1 otherwise. 
Putting tt' = vrvToo, tt'Ow^ C CV 6i *(-C) by flU). Noting W b n F D G = 0, ([777]) 
implies W& = divx^oo^ + 7r') locally at x. Hence we get 

Ow b ,x{-F t - Goo) = blTooOw b ,x = n'Ow h ,x C Ow b ,x(~C). 
This completes the proof of Claim 17.51 □ 

Write 

u) = -iad-K + (3db) with a, (3 G k(C). 
b 



Noting dLHD and 

db p q ~ 2 dp dX 

(7.9) — = — h" = with p = IX, 

v 7 6 I -pi- 1 X-Xi P 7 ' 

the assumption on ui in Claim 17.41 and Lemma 17.31 imply 

a G H°(C, O c (-D +(q- 1)F - £ F t - G^)) 

teT L 

/3etf o (C,0 c (-£> + (g-2)F oo - J^ Ft-Goo)). 

ter L u{0} 

Since Fo and Fxi are ample divisors on X, the maps 

tf°(X, Ox {-D+(q-l)F - Y, Ft-Goo)) -► ff°(C, C (-F>+(<Z-1)F O - ]T ^-G^))), 

teT L teT L 

H°(X, Ox (-Z>+(g-2)F 0O - £ F i -G oo ))^ J ff (G,O c (- J D+(g-2)F oo - £ F t -G TO )) 

tGTiU{0} t£T L U{0} 

are surjective for q sufficiently large so that we can take 

a£H (X,O x (-D + (q-l)F - JV t -<?«,)), 

tGT L 

^GF (X,O x (- J D + (g-2)F oo - ^ FfG^)), 

teT L u{o} 
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such that uj = Co <g> k{C) with 

u = -{ad-K + J3db) G n x {-D) ® 0x O x ,c, 

where Ox,c is the semi- local ring of X at the generic points of C. By Claim I73T 2) , 
for t G L(F q )°\T L and x G F t n C, we have 

feK) = {1 + P}Ft,x - {1 + a}F t ,a; + {1 + &}\V b ,x- 

Hence Claim I7T41 follows from the following. 

Claim 7.6. We have 

(7.10) Y {L + flFt G F {D+C) W(X,C) +p n F ( Vw{U), 

teL(¥ q )°\T L 

(7-11) Y (i 1 + «}^- ^{l + akJe^^I.C). 

teL(w q )f\T L xeF t nc 

To show ()7.10p . first note that the condition (*1) implies f5 G VD,q-2 (F<x)- Noting 
div x (l + f3) = Zp-(q- 2)F 00 (cf. Definition [6J| , 
(l + /3), Ft = l for£GT L U{0} and b ]Fao = 1, 
(|7.8p and Lemma 11.141 imply 

o = d{i + p, b} = y i 1 + ft* + i 1 - <° 9-1 h (^ = w 

teL(F q )°\T L 

We have {1 - p q ~ l }z- G F^+^W^X, C) + p n .F( 1 )W(*7) by Lemma IOT2) and this 
proves ()7.10p . 

To show ()7.1ip . put 

Z' = div x (l + «) + («- 1)^0 6 Div(X, C)+. 

Letting 7T£) be a local parameter of D &t FqH C, we have 

(7.12) Z'nCcF r\C and Z' = divx(X 9_1 + n D j) locally at F n C 

where 7 G O x ,F nc- By (jEZJ) and flUD, 

teL(¥ q )° 
Noting 

(l + a)|G 00 =l and (1 + 6)^ = 1 for i G T L , 
Lemma 11.141 implies 

(713) = 3{l|a,^} = {l + ak " £ i 1 + "^ 

*6L(F q )f\T L 

+ \—r-)z> -{q-l){— —\f - 

We claim 

{l + a} Wb ~ Y J2 {l + «K,x €F^ D+C ^W(X,C). 

tei(F ? )°\T L xGFtnc 

Indeed, by Claim WM 1 ), 

{l + a} Wb = Y Y^ { 1 + & )w b ,x- 

teL(F q )° xeF t nc 
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For t G Tl and x G F t (1 C, we have a\w b € Ow b ,x{~ D — F t — Goo) since a G 

H°(X, O x (-D - EFt-Goo + iq- 1)F )) and W b n F n C = by Claim !T5ri). 

ter L 

Hence we have {1 + 5}^,* G -F (D+C) VF(X, C) by Claim I73T3). 

By the above claim we are reduced to showing that the last two terms of (|7.13|) 
belong to F^ + >W(X, C). The assertion follows from the fact 

b + vr ttXI- 1 



b l-Xl- 

and that we have in view of (|7.12|) . 

,b + 7T JTTTT D 

—>\ z '- 1 + T^xT- 

This completes the proof of ()7.1ip and that of Theorem 14.51 D 



(^F)lz' ~- 1 + ; - 4-i € : + °^,^no(--D - <?)• 



Remark 7.7. If D > 2C, we may use Lemma [6. 3( 1) for the proof of (|7.10p to remove 
p n F^ 1 'W(U) out of the conclusion of Claim 17741 This explains the case (i) of Remark 



8. Proof of Key Theorem II 

In this section we prove Theorem 14.71 We need some preliminaries. 

Let (A, via) be an excellent regular henselian two-dimensional local domain with 
the quotient field K. Assume F = A/m-A is finite. Let P be the set of prime ideals 
of height one in A. For p G P let A v be the henselization of A at p and Kp (resp. 
k{p)) be the quotient (resp. residue) field of A p . Let D C A be a non-zero invertible 
ideal (which is identified with an effective Cartier divisor on Spec(^4)) and Pd C P 
be the subset of p dividing D. For A € Pd let m\ G Z>o be the multiplicity of A in 
D. Let U = Spec(vl[D~ 1 ]) and put 

m D H 1 (U) = Ker(H 1 (U)^ H\K x )/m mx H\K x )) . 

xeP D 

We introduce an idele class group which describes GIdH 1 ^): 

(8.1) 

C KS (A,D) = Coker(K 2 (K) d - { -% dx) fc(p) x K 2 (K x )/V m >K 2 (K x )), 

\>eP-P D AeP D 

where dp for p g" Pp is the tame symbol and d\ for A G Pd is the map induced by 
K — > K\. By the reciprocity law for A (cf. |SaJ) we have a canonical map 

I^P : filoZf 1 ^) -> Hom(C^ 5 (A,D),Q/Z) 

such that the following diagrams are commutative for p G" Pd and A G Pd'- 

m D H l {U) -^Kom(C KS {A,D),Q/Z) 



*fc(P) 



H^kip)) ^-* Hom(£;(p) x , Q/Z), 

filufl" 1 ^) ^Hom(C^ s (^,D),Q/Z) 



fiWff 1 ^) — Hom(K 2 (K;0/y^K 2 (K A ),Q/Z) 
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where ^k(p) (resp. ^ k x ) ls the map (j2.4[) for the 1-dimensional (resp. 2-dimensional) 
local field k(p) (resp. K\). 

Now we assume D = X m {m G Z>i) for A = (ir) G P such that B\ = A/(ir) is 
regular. Let m A = m A B\ be the maximal ideal of B\. Define 

v A : tt 171 ' 1 ^ ® A m^ 1 -+ C KS (A, D) 

as the composite 

m 

7T m - l Q l A ® A m^ 1 -J- vr" 1 - 1 ^ ® Aa fc(A) ^4 K 2 (K A )/V m ^ 2 (^ A ) -> C^ 5 (A, L>), 
where p^ is the map from Lemma 12.51 
Lemma 8.1. (1) The image of the composite 

rar A : &l m H x {U) -> fi^ff 1 ^) — ? — ^ ®a a fc(A) 
is contained in -^^Q, A ®_4 -B A and i/ie following diagram is commutative. 
fil m tfi([7) rarA > A^ ® A 5 A 

{C KS (A, D)) V -K (vr™- 1 ^ ® A m- l )\ 

where t a is induced by the pairing 
1 



n m 



n\ ® A B x x tt™- 1 ^ ® A m A x -> 7r -1 ft A <g> A m A x — ^ m A ^i 



-Res m , , Tr F / v 

^ x F = B x /m x -A P ¥ p ^Z/pZ. 

(2) Lei (71", /) &e a system of regular parameters of A and put pi = (/), p 2 : 
(tt + /) € P. T/ien 

e = ^(y(arfvr + /3d/)) /or a,/3 G (vr™" 1 ) 

is i/ie image in C (A,D) of 

?? = {l + /3} fc(pi) -{l + a} fc(pi) + {l + a} fc(p2) G k(p) x . 

P&P-Pd 



Proof. The first (resp. second) assertion of (1) follows from [Mai Prop. 4. 2. 3] (resp. 
(|2.4|) (m)). By definition, £ is the image in C KS (A, D) of 

{l + /3,/} + {l + avr//,vr}, G K 2 (K A ). 

For d in (|8.ip . we compute 9tame(C) = "> where 

3 tame = E°P' C = {l + /3,/} + {l + «,^^} Gi^iT)- 

Thus it suffices to show 

{1 + a, f -^} = {1 + avr//, vr} G K 2 (K A )/V m ^ 2 (^ A ). 

Noting 

{1 + air/f, vr} = -{1 + an/f, -a/f} = -{1 + cur//, a} G K 2 (K x )/V m K 2 (K x ), 
the assertion follows from the following equality in i^ 2 (i^ A ): 

{1 + a, t±^} = -{1 + (1 + a^air/f, -a(l + ^)}. 
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□ 

Now let the notation be as in £JH In particular assume \D\ = C. For a closed 
point x € C, let C* S (X,D) = C KS (A X ,D X ) be denned as in (pO]) . where A x is 
the henselization of Ox,x and D x C A x is the ideal for D xj Spec(A :r ). Let K x be 
the fraction field of A x and P x be the set of prime ideals of height one in A x . We 
introduce the idele class group for (X, D) : 

C KS (X,D) = Coker{Q)k(Zr A Z ((/)e$ Cf (I,D)), 
zcx xec 

where Z ranges over integral curves on X not contained in C, and d is induced by 
the divisor maps k(Z) x — > Zq(U). By the class field theory developed in |KSj . we 
have a canonical map 

*f S : H l (U) -^Rom(C KS (X,D),Q/Z) 

which fits into the commutative diagram for any x € C, 

^/« 
(8.2) HL D H\U) ^UC KS (X,D) V 

m Dx HHu x )^Lci< s (x,Dy 

where U x = Spec(A x ) xx U. We have a canonical map 

e x : W{U)/F^W{X,C) -> C^ 5 (X,D) 
such that the following diagram commutes. 



fibfl" 1 ^) ^C^ 5 (X ;J D) X 



C(X,D) V (W([/)/F( D )^(X,C)) v 

To construct ex, we first note that there is a natural map 

?x : W(U) = Coker(0 k(Z)* -> fc(Z)£ Z„(17)) -> C* S (X,£>) 

in view of the fact that for Z <Z X as above, 

fc(^)oo =00 fe(p), 

x&znc peP x , z 

where P x ,z denotes the set of p € P x lying over Z. The map ex annihilates 
F( D 'W(X,C) by the following fact: Let x be a closed point of C and take a € 
Ox,x(~D). Let / G Ac be such that Z x x Spec(A x ) = Spec(A x / (f)) . Let P X>D be 
the set of q € P x dividing D x . Then 

{l + a,f}eK 2 (K x ) 

vanishes in K2(K„) /V mq K2(Kq) for any q G P x ,Di where Kq is the henselization of 
K x at q and m q is the multiplicity of q in D x . Moreover we have 

<9tame({l +«,/}) = (1 + «|z)fe(q)eP :c ,z > 

where <9t am e is the tame part of d in (|8.1j) : 

tf 2 (^)-+ Mp) x - 
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Finally Theorem 14,71 follows from the following commutative diagram for regular 
closed points x of C: 



m.nH x {U) 



C KS {X,Df 



i^xV 



{W(U)/F (D) W(X,C)Y 



C(X,D) X 



■^m^H^iix 







777 



+ C5 s (X,Df 



UB 



("A«) v 



(cJ v 



(nJr(-U + C)(8oxOo,.(a!))' 



71/ 



rar KA 

fix(7J)® 0x fc(A«) 

— fixfDl^OjOc,, 

+ H°(C,Q 1 x (D + E)®o x Oc) 



Here the commutativity of 1 1\ comes from (|8.2[) . that of 7/ from Lemma 18.1( 2). 
that of III from Lemma 18. 1( 1). and that of | IV \ from the definition of ccx- This 
completes the proof of Theorem 14.71 

9. Proof of Key Lemma I 



Let the notation be as in 
the following. 



In this section we prove Lemma 16. II First we prove 



Lemma 9.1. Take a regular closed point x G C and Z\,Z 2 G Div(X, C) + such 
that x € Z\ n Z 2 and that Z{ fnl C at x for i = 1,2 (cf. Definition \1.1\) . Assume 
(Z\, Z 2 ) x > e + 1 for an integer e > 1. Then 

{1 + a} ZliX - {1 + a} Z2tX e F^ D+eC ^W{X, C) for a G X;X (-D). 

Proof. For an integer d > 0, let C{d) = \dH\ be as Definition 17.21 Take d sufficiently 
large so that we can choose F in C{d) satisfying the conditions: 

(t)l) FffilC, andx G F and FnCn {Z\ UZ 2 -x) = 0, andFfnlZ; at x for i = 1,2. 
(jJ2) 77^, 0a-(--D - ( e + 1 + i)C + (e + 1)F)) = for 1 < i < e, 

H l {C, O c {-D - (e + 1 +i)C + F)) = for < % < e - 1, 
Then take d' sufficiently large so that we can choose integral 77 in C{d') satisfying 
(♦1) (F n C) - x C 77 and x G - 77 . 
(*2) if |fi] C at (F n C) - x and 77 fnl F at (F n C) - x. 
Then take d" sufficiently large so that we can choose Fi in C{d") for i = 1, 2 satisfying 

(43) F l = Z i + H + G % for G* € Div(X, C)+ such that G t n F n C = 0. 
Choose 7r, 7t_d, / G Ox,Fnc such that locally at F n C, 

C = divx(vr), 79 = divx(vr D ), F = divx(/) 
so that (tt, f) is a system of regular parameters in Ox,Fnc- 
Claim 9.2. There are u±,u 2 £ Oj fnC suc/i i/iat locally at F DC, 

Fi = div x (vr - mf) and u\ - u 2 G (n - u 2 f, f e ) C mpnc, 
where m^nc = (/jf) * s ^ e radical of Ox,Fnc- 

Proof. Let <?j G Ox,Fnc be a local equation of Fi at F D C. By the assumption 
Qi G xu,Fnc so that we can write gi = aj7r + bif for some aj,6j G Ox,Fnc- By the 
assumption, Fj fnl F and Fj fnl C at any y G F n C. It implies a«, 6j G 0^-,, which 
proves the first assertion. By the assumptions we have 

(9.1) O x ,Fnc/(n ~ u 2 f) = 0F 2 ,Fnc = Oz 2 , x X O n ,Fnc-x, 
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X, 




Figure 2 . The configuration of curves in the proof of Lemma 19.11 



and 

H = divx(vr — u\f) = divx(vr — u 2 f) locally at F n C — x. 
Hence we get {u\ — u 2 )f\H = € On,FnC-x and 

(Ul - U 2 )|# = G Oif,i?nC-a:- 

On the other hand the assumption implies 

(Z l5 Z 2 ) x = length ^ (Oz 2>x /((ui - u 2 )f)) > e + 1. 

which implies (u± — u 2 )\z 2 £ (f e )@z 2 ,x noting that / generates the maximal ideal of 
Oz 2 ,x since Z 2 (fil _F at #, . In view of (|9.1|) we get 



(ui -u 2 )|f 2 e (f e )0 F ^ Fnc . 

which proves the second assertion of the claim. 
Claim 9.3. Putting 

F = O x (-D-(e + l)C + (e + l)F) and F FnC 



□ 



y£FnC 



the natural map 



i : H°(X, F) -> F FnC ® O x ,Fnc/(K e , f 



is surjective. 

Proof. The map H°(X,F) -s- H°(X,F (g> O x /Ic) is surjective since 

H^X, F®I e c ) = H\X, O x (-D - (2e + \)C + (e + l)F)) = 
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by the assumption (|J2). For < i < e — 1 consider a commutative diagram 
*- H°(C, T ® I l c /I l c l ) *- H°(X, T ® Ox/I'c 1 ) -^ H°(X, T ® O x /P c ) >■ 

U >■ /Fnc <S> 7T ( (7r /e) j s- J-pnc ® (ni+ije) *~ J~Fr\C ® (7r',/ e ) 

where the surjectivity of a follows from 

H\C, T ® /y/^ +1 ) = ff^C, G (-£> - (e + 1 + i)C + (e + 1)F)) = 
by the assumption (jJ2). The map j3 is identified with 

ff (c>Oc( _ D _ (e + 1+l)c+(e+1)F)) _ 0c ,, nc (-P-(e+l + i)C^-( e + 1 )F) 

O c ,Fnc{-D - {e + l + i)C + F) 

and it is surjective since fl^C, G (-.D - (e + l + z)C + F)) = by (j)2). The claim 
now follows by induction on i. □ 

There is a natural isomorphism 

(7T e ,/ e ) 

/5^(y) e+1 -+ P mod (vr e , / e ) (/3 G O^). 
Take a G Ox,x- By Claim [931 we can find 

(9.2) a G #°(X, Ox(-I> - (e + 1)C + (e + 1)F)) 

such that 

^(a) = a mod (vr e ,/ e ) G 0^/(7r e ,/ e ). 
It implies 

(9.3) a = 77r Z) (^) e+1 with 7 G O x , x such that 7 - a G {ir e ,f e )O x ,x 

Put 

(9.4) Z' = div x (l + a) + eF with e = -ord F (a) < e + 1. 
Then Z' G Div(X, C)+ and Z' n C C F n C and that locally at F n C, 

(9.5) Z' = divx(/ e + 7TD7r e+1 -c) (cGOx,Fnc)- 
Take a rational function 6 G /c(X) x such that 

divx(&) =Fi-F 2 . 

By Lemma 11.141 we get 

(9.6) 

W{X,C) 9 = d{l+a,6} = {l+a} Zl -{l+o}z 2 +{l+a} Gl -{l+a} G2 -e{6} F +{6} z /. 

By (tjl) we have 

a\ Zi G Oz^(-£> - (e + 1)C)) for ye^nC)- s. 

By (4(fc2) we have 

a\ Gl G GijG< nc(-.D - (e + 1)C) for » = 1, 2. 

Noting vr = Uj/ in C Zl ,x (cf. Claim E2J and that Zj frTl F and Z» frTi C at x, (fOj) 
implies 

1 e+l e+1 — ^-'Z i ,x\~i-)) /. 1 r>\ 

«|* = <+ 7^ = V «tt d G ^^ ( : D _ eC) (» = 1,2). 
Hence (|9.6p implies 

{1 + < +1 avT D }z 1 , a; - {1 + «| +1 a7rj,}z aia : - e{6} F + {b}z> e F^ D+eC ^W(X, C). 
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Noting u\,U2 G O x FnC anc ^ "l " "2 £ { 7[ ->f) C Ox,xi Lemma I9TT1 follows from 

(9.7) -e{b} F + {b} z > 6 F (D+eC ^W(X,C). 
Claim 9.4. There exists b' G O x FnC such that 

(9.8) b'\ z > = b\ z >, and (b/b')\ F G 1 + O f ,ct\f{-D - eC). 
Proof. By Claim 19.21 we can write 

u ^ -u x f 

b = v -, u 2 -ui = a(ir -u 2 f) + PJ , 

vr -u 2 f 

where v G ^x FnC an< ^ a >^ e Cx,Fnc- Then 



w o= H — = I + aj + 



IT - U 2 f IT - U 2 f 

Put 

. _ ^ - u 2 r 



TT ~U 2 f 

Noting (|9.5p and e < e + 1, we compute 



G (ttJ) cO x ,Fnc- 



, Pf e+l x. -/3c7T D7 r e + 1 / e + 1 -^ = 

v-«2.r lz ' n e -u e 2 f e ' 

where 

-/3c7r D 7r e+1 - e / e+1 -^ ,_„. 

7 = — 7- i zn— — G <-oc,Fnc- 

1 + CU 2 7TD7r e+i e 

We easily see 7 G (ir£)Tr e , /) C 0x,Fnc- On the other hand, we have b\ F = v. Hence 
it suffices to take b' = v(l + af + 7) for Claim 19.41 □ 

We now deduce (|9.7p from Claim [974~1 Since b' G O x FnC , we may write divx(b f ) = 
W\ - W 2 with Wi G Div(X, C)+ such that W { n F n C = for i = 1, 2. By Lemma 
[TTil and (HQI we get 

W(X, C) 3 = d{l + a, b'} = {1 + a} Wl - {1 + a V 2 - e{b'} F + {&%,. 

Since Wi D F n C = 0, (fO|) implies a G 0Wi,CnW<(--D - (e + 1)C) so that 

-{6'} F + {fe'} z , G F( D+ ( e+1 ) c %(X, C). 

Claim 19.41 implies 

~{b} F + {b}z> ~ (-{b'} F + {b'}z>) = {j}f € {l + Ft cn F (-D-eC)} F , 



which proves (|9.7p . D 



Proof of Lemma \6.1l In case (Zx,Z 2 ) x > 2, Lemma l6.ll follows from Lemma 19. II 
We assume Zx (ffi Z 2 at x. By Lemma 19.11 we may replace F by any curve which is 
regular at x and tangent to F at x. By Bertini's theorem we can choose F in C(d) 
for sufficiently large d so that the following conditions hold: 

(ttl) F fnl C and F n C n (Zi U Z 2 - x) = 0. 

(IJ2) H\X, O x (-D -2C + F)) = H^C, O c (-D - C - x) ® O x (F)) = 0. 

We may also assume 

(jJ3) C = divx(Tr) and F = divx(f) locally at F n C, and (it, f) is a system of 
regular parameters at any y G F DC. 
We then take integral H G Div(X, C) + satisfying 

(41) x G - H and (F n C) - x C iJ, and H fnl C and # fnl F at any y G (F n C) - x. 
Then take d! sufficiently large so that we can choose Fj in C{d!) for i = 1, 2 satisfying 
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(4>2) F { = Zi + H + d for G t G Div(X, C)+ such that G 8 nFnC = 0. 
Claim 9.5. The condition (j)2) implies the surjectivity of the map 
»:H°(X,O x (-D-C + F)) 



r0rv „__, n ^ , ^ t (^(-F-C + F) 



Proof. Indeed the map [i factors as 

H (X,O x (-D-C + F))^H°(C,Oc(-D-C + F))) -► °°f}~ D _ % ^/J x) • 

The first (resp. second) map is surjective due to the assumption H 1 (X,Ox(—D — 
2C + F)) = (resp. fl^C, £>c(-.D - C - x) ® Ox(F)) = 0). D 

Fix 7T£) G Ox,Fnc such that D = divx(7i"_o) locally at F nC. 

Claim 9.6. Locally at F flC, we have for i = 1, 2 

Fj = divx(vr + u*/) unt/i Uj G O^fnc 

and u>e Ziawe 

Vi — Ui G m x /or i = 1,2, and v\ — ^2 € m,, /or y G (F n C) — x, 

where m y is the maximal ideal of Ox,y 

Proof. Noting that (w, f) is the radical of Ox,Fnc by (jJ3), the first assertion follows 
from the fact that F n C C Fj and that Fj In) C and Fj ffil F at any point of F D C. 
(t(l) and (42) imply 

71" + Vi f (Vj-Uj)f ,„ v 

^i/ _ , ta^l/ e oi fory€iFflC )- x . 

TT + V 2 f K + V2J ' V 

The second assertion follows easily from this. D 

By Claim [931 f° r a given a G Ox,x(—D), we can take 
(9.9) a G ff°(X, O x (-D -C + F)) such that a - aj G ma,0x j!e (-.D - C + F), 

where m x C Ox,x is the maximal ideal. Put 

Z' = divx(l + a) + F G Div(X, C) + . 

We have Z' D C C F D C and flO]) implies that locally at F D C, 
(9.10) 
Z' = div x (/ + M where /3 = af/n G 0x,Fnc(-£>) and /3 - a G m^j^-D). 

By the construction there is 6 G k(X) x such that 

div x (6) = Fi-F 2 . 
By Lemma 11.141 we have 

= <9{1 + a, 6} = {1 + a} Zl - {1 + a}z 2 + {1 + a} Gl - {1 + a} Ga - {6} F + {6} z ,. 
We have 

a\Gi e Gi ,Ginc(-D - C) since G* n F n C = 0, 

a\zi G Oz liy (--D - C) for y e Zi D C - x since (Zj - x) D F D C = 0, 

<■!«, -»°k 6 o°y-D D -x) = 0°X { D-C) l>y Claim ESI and & 
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Hence we get 

{1 + a} Zl , x - {1 + a}z 2 , x - {b} F + {b} z , E F^W(X, C) 

and we are reduced to showing 

(9.11) {1 - (ui - u 2 )a} F>x - {b} F + {b} z , E F^ D+C ^W(X, C). 

By the same argument which deduced fj9.7f) from Claim 19. 4| (J97TTJ) follows from 
the following. 

Claim 9.7. There exists b' E @x Fnc suc ^ that b'\z r = b\z J an d that 
(b'/b)\ F - 1 E F , FnC (-D) n FXFnC) - x (-D - C), 

(b ,b)\ F - 1 = - (ttl - u 2 )a E ^^ _ x) = ^^ _ c) . 

Proof. By Claim 19.61 we can write 

7T ~\~ V\ f 

b = v with ti£0y Pnr 

and b\ F = v. Noting / + f3ir = on Z', we compute 

(vi - v 2 )(3 



v~ l b\ Z ' = 1 



1-/3 



Noting /3 E Ox,Fnc(— D), b' = v(l — \^l — ) satisfies the desired properties of the 
claim by flE! and ([930) . D 

10. Proof of Key Lemma II 

Lemma 16.31 is an immediate consequence of the following. 

Lemma 10.1. Let the assumption be as in Lemma \6.3l 

(1) Assuming e > m\, we have 

{1 + f e+1 Za , FnC } Za , x C Fg D ~ C) W(X, C). 

(2) Assuming (p,2m\) = 1 and e > m\(p n — 1) for a given integer n > 0, we 
have 

{1 + f e+1 Za , FnC }z a , x C F^W(X,C) +p n F^W(U). 

We start proving Lemma 110.11 In this section we complete the proof of Lemma 
110.1( 1). The proof of (2) will be complete in 



Lemma 10.2. Let the notation be as Definition \6.SX Fix integers e < e — 1 and 
i > 1. Assume 

(10.1) H\X, O x (-2D -C + eF)) = H X {C, O c (-2D + F)) = 0. 

For a E VdA^)> we have 

{l + ^0 Za , FnC } Za C {l + ^lo Za , Fn c}z a + {l + ^fO ZaiFnC } Za +F^W(X,C). 

Proof. We fix a E VdA-^) an d write Z = Z a . Take an integer d > large enough 
that the linear system \dH — Z\ on X (H C X is a hyperplane section) is very 
ample. By Bertini's theorem we can take hypersurface sections -Foj-^oo C I of 
degree d satisfying the following conditions: 

(ftl) F = Z + G, where G E Biv(X, C)+ such that G(n\C and GnZnC = 
GC\FC\C = 0. 

(|2) Foo fnl C and Foo n F n C = 0. 



10 
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Figure 3. The configuration of curves in the proof of Lemma 110,21 

Let b be a rational function on X such that 

(10.2) div x (6) = F -F oo = Z + G-F oo . 
By (|6.2p and (jjl) and (|J2), locally at F n C, we can write 

(10.3) 6 = v(f e + 7TD • u) withu,veO^ FnC , 



O z ,Fnc(-2D + eF) 



Claim 10.3. The natural map 

*•<*, o,(- 2D + «f)) - o^- { _ 2D + F) + 0zmc( _ 2D _ c+eFy 

is surjective. 

Proof. The target of the above map is isomorphic to 

Ox,Fnc(-2D + eF) 

O x ,Fnc(-2D + F) + (I z + Ic)Ox !Fn c(-2D + eF) 

where Iyy = Ox(—W) for W £ Div(X) + . We consider the following commutative 
diagram 



H°(C,O c (-2D + eF)) 

hi 

H°(X,Ox(-2D + €F)) 



Oc,Fnc{-2D+eF)) 
Oc.Fnci-ZD+F)) 

h 3 

Ox,Fnc(-2D+eF) 



^ Ox,Fnc(-2D+F)+(I z +I c )Ox,Fnc(-2D+eF) 

The map hi is surjective since -fT 1 (C, Oc(—2D + F)) = by the assumption (jlO.ip . 
The map /12 is surjective by the assumption (jlO.ip . The map /13 is an isomorphism 
since O c ,Fnc(-2D - Z + eF) C O c ,Fnc(-2D). In fact we have O c ,Fnc(-Z) = 
Oc,Fnc(—eF) C Oc,Fnc(—cF) i n view of (|6.2[) and the assumption e < e — 1. This 
proves Claim [HPl D 
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2 2 

Take l + \el + ^-O z ,Fnc with a G O z ,Fnc- By Claim (fTTT3j) there exist 
a G #°(X, O x {-2D + eF)) and /3, 7 G O z ,Fnc such that 

.2 ^2 ^2 



which implies 



o|z = y « + y /? + -y7 G Oz.Fnc 



VTn WJ 7Tn „, w - 7Tn7T 



(10.4) (1 + a)\z = (1 + ^a)(l + ^)(1 + -^ 7 ') G 0* FnC , 
where /3' = /3u _1 with 

7T 2 

u = 1 + -£a = 1 - n D f e - e u- l a G C| FnC7 (cf. ([621)) 

and y = 7^(1 + ^f/3')- 1 G Oz.Fnc- Put 

Z' = div x (l + a) + e'F with e' = -ord F (a) < e. 
By definition Z' G Div(X, C) + and Z' n C C F n C and that locally at F n C, 

(10.5) Z' = divx(/ e ' + 7ri>-c) with c G Ox.Fnc- 
Noting ()10.2p . Lemma ll . 141 implies 

W(X, C) 3 = d{l + a, b} = {l + a} z + {1 + a} G - {1 + a} Foo - e'{b} F + {b} z >. 
By ()J1) and (tf2), o| G G G , Gn c(-2F) and a| Fco G OF 00 ,F 00 nc(-2F) so that 

{1 + a} G , {1 + a} Foo G F( 2D %(X, C). 
Hence (|10.4|) implies 

2 2 2 

{1 + J7 <*}z + {1 + ^fP'}z + {1 + ^l'}z - e'{b} F + {b} z , G F( 2D )VF(X, C). 
The proof of Lemma 110.21 is reduced to showing 

(10.6) - e'{b} F + {b} z , G F( 2D ) W(X, C). 

Claim 10.4. 6| FuZ , G H°(F U Z', C FuZ /(-F + F^)). 

Proof. Noting div x (o) = Z + G - F^ and Z' n C C F n C, it suffices to show 
o|fuz' G FuZ > tFnC (-D). Noting ([103]) and (fT03|) . we have locally at F n C 

6 = V(f + 7T D U) = VU7T D (1 - ITDf-e'cn- 1 ) + vf~ e \f' + 7r£ c) . 

Since e' < e < e — 1, the second term is divisible by a local equation of F U Z', which 
proves the claim. □ 

Since Fqq is ample, we can find b' G H°(X,Ox{—F> + NF^)) for JV sufficiently 
large iV such that b'\ F \j Z > = b. 

Claim 10.5. divx(b') = D — N'F^ + W, where N' > is an integer and W is an 
effective Weil divisor. Moreover we have W n F n C = 0. 

Proof. The first assertion is obvious. To show the second assertion, first note F (£W 
since b'\ F = b\ F / G k(F). Take any x G FnC A for A G I. Noting F^nFl^C = 
and F Ifil C, the first assertion implies 

ord x (b'\ F ) = m x (F,C x ) x + (W|i<% = m x + (P^F),. 

On the other hand, (|10.3p implies oid x (b'\ F ) = ord^&li?) = m\. This implies 
(W, F) x = and the second assertion follows. □ 
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By Lemma 11.141 we get 

= d{l + a, b'} = -e'{b'} F + {b'} z , + {1 + a} w - N'{1 + a} Foo 

= -e'{b} F + {b} z , + {1 + a} w - N'{1 + a} Foo . 

Since a G #°(X, O x (-2D + eF)) and F n C n F^ = F n C nW = 0, we have 

a^ e C'F 00 ,CnF 00 (-2I>), o|w- G e>w,Crw(-2-D) 

and hence {1 + a} w - N'{1 + a} Foo G F^ 2D ^W(X,C). This implies (fTfTB]) and 
completes the proof of Lemma 110.21 □ 

Let the assumption be as in Lemma flO. 11 By (|6.2p . we have for a G Oz a ,FnC 

1 + / e+1 a = 1 + jk u2( * e 1 + jkoz a ,FnC 
Thus Lemma 110.21 implies 

{1 + / e+1 «} Za G {1 + ^0 Za , FnC } Za + {1 + ^0 Za , FnC }z a + F( 2D )^(X, C) 
and by ()6.2p . we have 

2 

1 + ^go ZaiFnC c 1 + ir D irO Za , F nc = 1 + Za)FnC (-D - C). 

Hence Lemma 1 1 . 1 1 follows from the following. 

Lemma 10.6. Fix a regular closed point x G C. Let F G Div(X,C) + be such that 
x G F and F fnl C at x. Take a local parameter f (resp. tt) of F (resp. C) at x (so 
that (tt, f) is a system of regular parameters at x). Let Z G Div(X, C) + be such that 
locally at x, 

(10.7) Z = div x (c- / e + vr m ) with c £ O x , x , 

where m > is an integer. Consider the object (X,C) of Bx, where g : X — >■ X 
is the blowup at x and C = g*C (cf. Definition ] 1.1 0\) . Let Z' C X be the proper 
transform of Z. 

(1) If e > m, we have 



* - ~'Z',ZT[C 
Ln particular we have 



4-£°Z'Z'nc(-3*&D-C)). 



2 

{1 + ^fO z , x } z , x G Fg D ~ C) W(X,C). 

(2) Assuming (p,2m\) = 1 for A £ I with x G C\ and e > m(p n — 1) for an 
integer n > 0, we have 

{1 + ^O z>x } z , x G F^W(X, C) + P n F^W(U). 

In this section we prove Lemma I10.6l fl). The proof of Lemma I10.6l f2) will be 
given in £ )12l Note that it finishes the proof of Lemma llO.ll fl). 

Let C be the proper transform of C . We have C = C + E with E = g~ l (x), 
the exceptional divisor. Let F' be the proper transform of F in X. We claim 
Z' n E n F' = 0. Indeed f /tt (resp. tt) is a local parameter of F' (resp. E) at 
F' n E. By (J10.7P and the assumption e > m, Z' is defined locally at F' n E by 
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c{f /ir) e TT e ~ rn + 1. Noting that / is a local parameter of E at any y G E — (E n F'), 
we have 

^ G Oz',z'nE(-2g*D + F) c O z ,, z , nE (-g*(2D - C)) 
noting -2g*D + E= -g*(2D - C) - C . Lemma MMX ) follows from this. 

11. Proof of Key Lemma III 

Let the notation be as in ^6j The following lemma is a preliminary for the proof 
of Lemma 16.51 whose proof will be completed in §131 In this section we prove only 
Lemma 111.1( 1). which is necessary for the proof of Lemma 1 12.11 Lemma 110.6( 2) 
and hence Lemma 110.1( 2) will be deduced from Lemma 112. 11 Lemma 111.1( 2) will 
be then deduced from Lemma 110.1( 2). Recall Definition 11.41 

Lemma 11.1. Take a reduced Z G Div(A", C) + and x G Z n C and A G I with 
x G C\, and a dense open subset V C X containing I. 

(1) We have 

{1 + Oz, x (-D)}z, x C F^W(X,C) + Fg D - C) W(X,C), 

(2) Assume (p, 2m\) = 1. For any integer n > 0, we have 

{l + O z , x (-D)} z , x cF^W(X,C) + F^W(X,C)+p n FWw(U). 
Remark 11.2. (1) Lemma 111.1( 1) implies 

{l + O z , x (-D)} z>x cF^W(X,C) + F^ D+Co) W(X,C), 
where (cf. (|6.ip ) 

(11.1) C = J^C A with J = {A G I | m x > 2}. 

agj 
(2) Assuming p ^ 2, Lemma lll.l( l) and (2) imply 

{l + O z , x (-D)} Z!X cF^W(X,C) + F { - D+c ^W(X,C)+p n F^W{U). 

Proof of Lemma \11.1[ By Bertini's theorem (cf. the argument in the beginning of 
the proof of Lemma 110. 2|) . there are sections Fo,Foo C X in C(d) = \dH\ for d 
sufficiently large, which satisfy the following conditions: 

(fjl) the condition (*) of Lemma Il0.ll holds for any F G £{d) (cf. Remark 16. 4p . 

(|2) F = Z + G where G G Div(X, C) + integral, GfSlC, G n C C V and 

Gncnz = 0, 

(|J3) Foo frTi C and F M n C C F, and F^ n C n F = 0. 

Let L G Gr(l, C(d)) be the line passing through Fq and Fx, and consider the 
pencil {F t }teL- We take F^ general so that there exists a finite subset £ C L such 
that 

(|4) F t n F t , n C = for t ^ t' G L, and F t fnl C and F t n C C V for i G L - S. 

We take an identification L ~ P 1 = Proj(fc[To,Ti]) such that Fq = Ft with 
t = (1 : 0) G P 1 and Foo = F with t = (0 : 1) G P 1 . Put <? = p^ for a sufficiently 
large N G Z >0 and take a finite subset 5 C P 1 (F g )\({0, 1, oo} U S) with s = deg L (S) 
large enough that the following conditions hold for W := Z + F^ G Div(X, C) + : 

(41) ff^W, O w (-2F» + (s - 1)^)) = 0, 

(42) iF 1 ^, O x (-F> - W + {s - 1)2^)) = 0. 
Take rational functions 

- "° - and 5 = 1-p 9 " 1 onL = P 1 . 



Fi 
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Figure 4. The configuration of curves in the proof of Lemma lll.ll 
Claim 11.3. Put A = P^F,) - (S U {0, oo}) and 

e = -J2*t + (q- 2)^ 

teA 
which is a Cartier divisor on X. Then the natural map 

H°(X, O x (-D - £> t + (q~ 2)F 00 )) -> 



ieA 

0,^^(-D + e) O h ZZnC (-D) o h 



'w,wnc\ 



-PoGl-^OOnC/ 



(-£> + (c? - 2)F 



^ |W rno(-2^ + ) 0% ZnC {-2D) 0^ F ^ C {-2D + (q - 2)F 00 ) 
is surjective (note that the assumption implies 

zncn\e\ = and o h Foo>FaonC (e) = o h FootFoanC (( q -2)F 00 ).) 

Proof. The above map factors as 



H°(X, O x (-D + 8)) -> H°(W, O w (-D + 6)) 






Noting Ox(0) — 0x((s — l)^^)), the first (resp. the second) map is surjective by 
(42) (resp. (*1)). This proves Claim HOI D 

Since Foo HTl C we have an isomorphism 

Foc ,F oc nc(-D + (q-2)F OD )) 



Consider the composite map 






zeFoonc* 



/,: J ff (X,O x (- J D + e))^O Foo , FocnC (- J D + (( Z -2)F oo ))^ fc(x). 
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By Claim [TL3l for given a G Zx {— D), one can find 

a e h°(x, Ox(-d - J>« + (q- 2)^00)) 

teA 
satisfying the following conditions: 

(#1) a\ z = a mod O h z X {-2D) and a\ z G O h Zy {-2D) for all y G (Z n C) - x, 

(*2) A i(o) = (l,...,l)l 
(4fc2) implies a G r PD,q-2(F QO ) and we put (cf. Definition I6.2p 

Z a = div x (l + a) + ((7-2)F 00 . 

Noting b]^ = 1 and 

(l + o)|jii = 1 for t G A = P 1 (F g ) -(S'U{0,oo}), 

div x (6)= J2 F t + {l-q)F 1 + Z + G, 

teA 1 (F„) -{0,1} 

we get by Lemma 11.141 

W(X, C) 9 = 5{1 + a, b} = {\ + a} z + {1 + a} G + J^{1 + a} Ft + {1 - p 9 " 1 }^- 

tes 

(XI) implies 

{1 + a} z , x - {1 + a} z ,x G F( 2D %(X, C), 
{1 + a}z,j, S F^W(X, C) for y G (Z n C) - x. 
By (||3) and ((14), 

a G Ox,cnc(-D) and a G O x ,cnF t (-D) for t G 5. 

Finally Lemma HOI ) implies {1 - p 9_1 }z a G i^ 2D ~ C V(X, C). Recalling GffflC 
and i^ (fil C for t £ S, this proves Lemma 111. If 1). Lemma lll.lf 2) would also follow 
from Lemma ll0.1f 2) whose proof will be complete in the next section. □ 

12. Proof of Key Lemma IV 

In this section we finish the proof of Lemma llU.6f 2), Note that this completes the 
proof of Lemma 111). II and Lemma 111.11 Lemma 111). 6( 2) follows from the following 
lemma where we take 2D in Lemma 110.61 for D in Lemma ll2.11 Let the notation be 
as in SJHl 

Lemma 12.1. Fix a regular closed point x G C and an integer n > 0. Let F G 
Div(X, C) + be such that x G F and F (fil C at x. Take a local parameter f (resp. 
ir) of F (resp. C) at x (so that (n, f) is a system of regular parameters at x). Let 
Z G Div(X, C) + be such that locally at x, 

(12.1) Z = div x (vr a + uf b ) with u G O x , x , a, b G Z >0 . 

Assume 

(*) (p, m\) = 1 for A G I such that x G C\, and b > a{p n — 1). 
Then we have (cf. Definition ]!.^ 

{1 + O z , x (-D + F)} z>x G F^W (X, C) + p n F^W{U). 

Remark 12.2. The assumption of Lemma |12. II is satisfied if Z is regular at x and 
{Z,C) x >p n -l. 

For the proof of Lemma 112. 1| we need the following. 
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Lemma 12.3. For a fixed integer n > 0, put 



C P = ^C x with J P = {A e I | ^ G Z}. 
AeJp ^ 

For Z G Div(X, C) + and x £ Z DC, we have 

{1 + O z>x (-D)} z , x C F^ +Cp %(X,C) + jAF^V^XC). 

Proof. By Lemma 111. 1( 1) (see also Remark 111.2( 1)). the assertion is a consequence 
of the following fact: for integral F G Div(X, C) + such that FfniCatxG-FnC, we 
have 

1 + O f>x (-D) c (1 + F)X {-D - C P )) • (1 + F)X {-C)) P \ 
which follows from an isomorphism 

1 + O f , x (-D) yj l + F , x (-m x C x ) 



n r 



1 + FtX (-D - C P ) x ±j p 1 + F)X {-{m x + \)C X ) 
and the assumption p n \m\ for m\ G Jp noting k(x) is perfect. D 

Proof of Lemma \12.1\ Taking a local parameter irp, of D at x, we want to show 
(12.2) {1 + ay-} z , x e f (D %(I, C) + p n F«jy(C/) for a G O x , x .. 

For integers m > 0, we inductively define 

\-A-mi ^mi ^vni ^m) 

as follows. For m = 0, Xo = X, Cq = C, £^o = &, x o = %■ For m = 1, let 
pi : Xi = Bl x (X) — > X be the blowup at x, C{ C Xi be the proper trans- 
form of C, E\ = g^ (x) be the exceptional divisor, and x\ = C' l T\ E\. Assum- 
ing (X m _i,C^_ 1} E m _i,a; m _i) defined, let g m : X m = Bl^^Xm-t) ->■ X m _i, 
C^ C X m be the proper transform of C' m _ l , E m = g^-{x m -\), and x m = C' m E m . 
Let 

(f>m = 9m ° ■ ■ ■ ° 9i ■ X m -» X, 
be the composite map, C m = (/>~ 1 (C) re d, and Ei tTn C X m be the proper transform of 
Ei C Xj for 1 < i < m — 1. We also define -Eb,i as the proper transform of F. Note 
that (X m , C m ) is an object of Bx but not in Bx (cf. Definition I1.1U|) . We easily see 
that the following facts hold for m > 1: 

(*1) (ir/ f m , f) is a system of regular parameters of X m at x m . 
(*2) / is a local parameter of i? m C X m at any point y G E m \E m -i tm . 
(*3) Let Z m C X m be the proper transform of Z in (|12,ip . If b > am, Z m is 
defined locally around E m \E m _ 1>m by (ir/f m ) a + uf h ~ am . We have 

b>am <==> Z m n m x (x) C E m \E m _ 1)rn , 

b > am + 1 -<=>• Z m n 0" 1 (x) = x m . 

(*4) c/4C = C^ + m£ m + £ iE i>m , 

l<i<m-l 

By the assumption (p, ttia) = 1, one can take an integer m such that 1 < m < p n — 1 
and p ra |mm.A — 1. Take y G Z m n <p^-(x). By the assumption (*) of Lemma [12.1| we 
have 6 > a(p n — 1) > am and (*2), (*3) and (*4) imply 

jeO U (-ftD + 4) and <t** m D-E m >0 

and hence 

{1 + «y }z m , y G F^ D -^)VF(X m , C m ) for a G O x ,„ 
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By (*4) the multiplicity of E m in (p^D — E m is mm\ — 1. Since p n \mm\ — 1, Lemma 
112.31 with Remark 11.131 implies 

{1 + ayhw/ G F^ D) W{X mi C m ) + ^F^W^, C m ). 

Noting F^IW^™,^) C F^W(U), this implies (fTT2l) and completes the proof 
of Lemma 112.11 

13. Proof of Key Lemma V 



In this section we prove Lemma 16.51 Indeed we prove the following. 
Lemma 13.1. For any positive integers n, N > 0, we have 

F^W(X,C) C F^)w(X,C) + F^ D+N ^W{X,C) + p n F^W{U). 
For the proof we need two preliminary lemmas 113.21 and 113.51 Put (cf. (|6.ip ) 

(13.1) C = ^C x with J = {A G I | m x > 2}. 

AgJ 

Lemma 13.2. For any integer N > 0, we have (cf. Definitional^ 

F B D) W(X,C)cF^W(X,C) + F^ D+N - Co) W(X,C). 
Proof. By induction on N, we may assume N = 1. Lemma 111, lf l) implies 

(13.2) F^W(X,C) C F^?W(X,C) + F B D+Ci,) W(X,C). 
Hence it suffices to show 

F B D) W(X,C) C F^W(X,C) + F { B D+Ci,) W(X,C), 
which follows from the following. 

Claim 13.3. Let g : X — > X be a successive blowups in Bx (cf. Definition \1. 9( 2)). 

Note that C = g*(C) is reduced. Then 

F^* D ^W(X,C) C F^W{X,C) + F { B D+Co) W{X,C). 

First we assume g is a blowup at a regular closed point x of C. Lemma Til. lf l) 
applied to (X,C) implies 

F^ D )w(X,C)cFi 9 ' D) W(X,C) + F ( / D+Go) W(X,C), 
where Co is defined for g*D as (|13.ip . Clearly Co = g*Co so that 

F { / D+do) W(X,C) = F { / {D+Co)) W{X,C) = F B D+Co) W(X,C), 
where the second equality holds by (|1.3p . Hence it suffices to show the following. 
Claim 13.4. We have 

Fi 9 * D) W{X,C)cF (D ^W(X,C) + F B D+C) W(X,C). 
It suffices to show 

{1 + O h F J-g*D)} Fty C F^W(X, C) + F B D+C) W(X, C) 



48 MORITZ KERZ AND SHUJI SAITO 

for an integral F € Div(X, C) + and y £ F DC such that F Ifil C at y. Let x = g(y). 
First we show that we may assume k{x) = K(y). Take a finite Galois extension k! of 
k and consider the diagram 




where X' = X (g>fc k' and X 1 = X ®^ k' . Take a point y' € X' lying over y and 
let x' = g'(y')- Taking k' large enough, we may assume k(x') = n{y'). Take F' € 
Div(X',C") + which is integral and finite etale over F. The norm maps (|1.2p for 
and induce a commutative diagram 



iV c 






{>> 



' „' 



F',a/ 



{,}f, 



H 



N- 

F^*D)w(X', C') — *-»- F^W(X, C) 



F^ D ^W{X', C) — *-* FMW(X, C) 

where C" (resp. C") is the reduced preimage of C in X' (resp. X') and D = g*D, 
and Npi/p is induced by the norm map k(F') x — > k(F) x . Since F' — >• F is etale, 
Npiip is surjective. Thus Claim [T3~4l is reduced to showing 

{1 + e>£vy(-</*£>')W c F^Vp^C") +4 D ' +C '%(X',C") 

where D 1 = (f>*D. Hence we may prove Claim 113.41 assuming k(x) = n(y). By 
Lemma 113.101 below there exists G £ Div(X, C) + such that G is regular at x and 
(G' , F) y > 2 where G" is the proper transform of G in X. Noting C = g*C, Lemma 
ED applied to (X,C) and (JOJ imply 

{l + ^ )tf (-^)} FlW C {l + O^-^j^ + Ff +C V(X,C). 

Since G is regular at a? = g(y), G' — > G is an isomorphism at y. Hence we have 

{1 + 0& iV (-g*D)}G, tV = {1 + 0^(-£>)} Gia! in W(U). 

This completes the proof of Claim 113.41 

Now we prove Claim [13731 in general case by induction on the number of blown- up 
points. Decompose g as 

g : X -^ X' -^ X with D' = <f>*D, D = ip*D' = g*D, 

where <f> is in Bx and ip is a blowup at a regular closed point of C . By the induction 
hypothesis applied for <f>, we have 

(13.3) F^W(X',C) C F^W{X,C) + F^ D+Co) W{X,C), 

By applying to ip what we have shown, we get 

^¥(I,C)CF (D V(I',C) + Ff' +C ' o) W{X',C'), 
where C'q is defined for D' as ()13.ip . Noting that <p is in Bx, we see </>*Co = C and 

4 D ' +C 'V(1',C) = Ff {D+Co)) W(X',C) = F ( B D+Co) W{X,C). 
By ()13.3p , this completes the proof of Claim 113.31 □ 
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Lemma 13.5. For any integer N > 0, we have 

F^W{X,C) C F^W(X,C) + F^ D+N - Co ^W(X,C). 
Proof. We fix N. By (fT3T2"|) it suffices to show 

F^W(X,C) C F^W{X,C) + F^ D+N - C ^W(X,C), 

which follows from the following. 

Claim 13.6. Let g : X — > X be a successive blowups at closed points and C = 
5 _1 (C)red and D = g*De Bw(X,C) + . Then 

F^W{X,C) CF (D) f(I,C) + F^ D+N - C °^W(X,C). 

First we assume g is a blowup at a closed point x € X. By Lemma 113.21 applied 
to (X, C) and D, we have 

F^W(X,C) C Fi D) W(X,C) + F { B D+M - Co) W(X,C) 

for any integer M > where Co is defined for I) as (|13.ip . We have \g~ 1 (Co)\ C \Cq\ 
so that M • C > N ■ g*C for M large enough. Then 

F& +M - do) W(X,C) C F^ (D+JV - Co) V(X,C) C F^ D+N ^W(X,C). 
Thus we are reduced to showing the following. 
Claim 13.7. We have 

Fi D) W(X,C) C F^W(X,C) + F^ D+N ^W{X,C). 
It suffices to show 

{1 + F>y (-D)} Fty C F^W(X, C) + F^^ D+N - C ^W(X, C). 

for an integral F € Div(X, C) + and y <E F n C such that F ffil C at y. We may 
assume x = g{y). By the same argument as the proof of Claim [lH"^ we may assume 
k(x) = n(y). By Lemma I13.1UI below there exists G G Div(X, C) + such that G is 
regular at x and (G', F) y > m + 1 where G/' is the proper transform of G in X and 
m is any positive integer. Lemma 19 . 1 1 implies 

{1 + O h F>y (-D)} F;y c {1 + O h G , jy (-D)} G , >y + F^ m ^W(X, C). 
We have mC > N ■ g*C for m sufficiently large and hence we get 

{1 + O h F;y (-b)} Fjy c {1 + O h G , ty (-D)} G ,, y + F ^ D + N ^W(X, C). 
Claim 113.71 follows by the same argument as the last part of the proof of Claim 113.41 

Now we prove Claim 113.61 in general case by induction on the number of blown- up 
points. Decompose g as 

g : X -^ X' -^ X with D' = <f)*D, D = ^*D' = g*D, 

where tp is a blowup at a closed point. By the induction hypothesis applied for cf>, 
we have 

(13.4) F^ D '^W(X',C') CF^W(X,C) + F^ D+N - C °^W(X, C), 
By applying to ip what we have shown, we get 

(13.5) F^W(X,C) C F^W(X',C') + F^ D ' +M - C ^W{X',C') 

for any integer M > 0, where C is defined for D' as (|13.ip . We have |0 — 1 (C )| C \C' \ 
so that M ■ C' Q > N ■ 4>*C for M large enough. Hence 

F( D '+ M ^W(X',C') C fW +n - Co »W(X',C) =F^ d+n - c ^W(X,C). 
Thus Claim dMl follows from ([133]) and (H33|). □ 
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Remark 13.8. Lemma 113.51 implies that if D > 2C, we have 

F^W(X, C) C F^)W(X, C) + F^ D+N ^W(X, C) for any N > 0. 

Now we finish the proof of Lemma 113.11 We fix N > 0. By Remark 111.2( 2) we 
have 

F (D ^W(X, C) C F ( m y ] W{X, C) + F (D+c ^W(X,C)+p n F (1) W(U). 

Noting D + C > 2C, Remark [T3T81 implies 

F^ D+C ^W{X,C) cF^y>W(X,C) + F^ D+N ^W(X,C). 

Thus it suffices to show 

F^W{X,C) C F^W{X,C) + F^ D+N - C ^W{X,C) + P n F^W{U), 

which follows from the following. 

Claim 13.9. For g : X — > X , C and D as in Claim [7X^1 we have 

F^W(X,C) C F^W{X,C) + F^ D+N ^W(X,C) +p n F^W(U). 

Proof. By the same induction argument as the last part of the proof of Claim 113.61 
we are reduced to the case where g is a blowup at a closed point x G X. By Remark 
\YL2l 2) applied to X, C, D, we have 

F^W(X,C)cFi D) W{X,C) + F^ D+ ^W{X,C) +p n F^W{U). 
Noting D + C > 2C, Remark [TiTHl applied to X, C, D + C implies 

F( 3 +C)w(X, C) C Fi D) W(X, C) + F^ +M ^W(X, C) for any M > 0. 
Taking M large enough that M ■ C > N ■ g*C ', we have 

F&+M-G)W(X,C) C F^*( D+N - C »W(X,C) = F^ D+N ^W{X,C). 
Thus we get 

F&W(X,C) cFh D) W{X,C) + F^ D+N - c ^W{X,C)+p n F^W{U). 
Now Claim [T3T91 follows from Claim [TBTTl □ 



Lemma 13.10. Let X be a smooth surface over k and x G X be a closed point and 
g : X' — > X be the blowup at x with E = g~ 1 (x). Let x' be a closed point of E such 
that k(x) = k{x'). Let F C X' be a curve such that x' G F and F (TTi E at x' . Then, 
for any integer m > 0, there exists a curve G C X such that G is regular at x and 
(G',F) x i > m where G' is the proper transform of G in X' . 

Proof. By the assumption, g(F) has a regular analytic branch T C S\)ec{Ox,x) 

whose proper transform in X' := X' xx Spec(Ox,x) is the restriction of F to X' . 
Then it suffices to take G such that G is regular at x and (G, T) x > m + 1. □ 
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